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ABSTRACT

This thesis develops a unified framework for online convex optimization in which the pace of
environmental change is unknown and potentially time-varying. The central question is how to
craft gradient-based algorithms that sense and adapt to drift without any advance estimate of its
magnitude. Chapters 1 and 2 introduce two meta-algorithms that address this challenge. The first
assumes access to both noisy cost values and noisy gradients; it runs several stochastic-gradient
trajectories in parallel, each with a different step size, and restarts with a finer step whenever the
cumulative cost of a more conservative trajectory falls behind. The second algorithm relies only
on noisy gradients; assuming mild curvature near the optimum, it monitors the distance between
parallel iterates and tightens its learning rate as soon as those paths diverge. Both variants auto-
matically match their step size to the unknown level of non-stationarity and achieve regret that is
provably near the best possible. The analysis is further extended to a broad family of mixed-norm
variation measures, capturing more intricate temporal and spatial patterns of change.

Chapter 3 applies the methodology to inventory control with drifting demand. We design
an adaptive stochastic-gradient policy that updates an order-up-to level using the sign of the
inventory imbalance and invokes the same restart logic based on cost gaps. Regret is decomposed
into a part due to the gradient updates and a part due to inventory carry-over; both terms are
shown to remain sublinear, so the policy performs nearly as well as a clairvoyant benchmark
even when demand shifts unpredictably.

Chapter 4 turns to universal portfolio selection in markets whose return distributions may

Vi



change adversarially over time. We propose an adaptive strategy that runs a small council of
entropic mirror-descent experts at different learning rates and promotes a faster expert when cu-
mulative log-loss gaps signal increased market drift. Performance is measured by dynamic regret
against the clairvoyant constant-rebalanced portfolio that would, in hindsight, have maximized
the one-step log-return each round. When total market drift over the horizon is bounded (but un-
known), this dynamic regret grows strictly slower than time; thus average log-return converges
to that of the period-wise optimum even through substantial regime shifts. In a perfectly station-
ary market the rate specializes to the familiar two-thirds power of the horizon, reflecting only a
modest cost for robustness.

Overall, the thesis demonstrates that coupling a handful of gradient or mirror-descent learners
with a simple, data-driven restart rule yields algorithms that remain stable in tranquil periods yet
react swiftly when conditions shift. Across general optimization, inventory management, and
portfolio selection, these methods achieve performance guarantees that are essentially as strong

as if the variation budget had been known in advance.
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1 CHAPTER 1

1.1 INTRODUCTION

Real-world decision-making problems often involve making a sequence of decisions under
uncertainty and dynamic conditions. In operations research and management, classic examples
include inventory control, dynamic pricing, and portfolio selection etc. A retailer must decide
how much inventory to stock in each period while facing demand that can evolve due to sea-
sonality or trends. Similarly, in revenue management, dynamic pricing strategies must adapt to
shifts in customer behavior or market conditions. Even in finance, the universal portfolio se-
lection problem requires sequentially reallocating assets without knowing future returns, effec-
tively learning and adapting to changing market patterns. In all these scenarios, the underlying
data-generating process—whether demand distributions, customer preferences, or asset return
profiles—is non-stationary, meaning it can change over time. This non-stationarity poses a fun-
damental challenge: a policy that is optimal under yesterday’s conditions may no longer perform
well today. The decision-maker needs algorithms that continuously learn and adapt to an evolv-
ing environment.

One way to characterize the degree of environmental change is through a variation budget,
which measures how much the underlying cost or reward function can drift over the horizon.
Intuitively, the variation budget quantifies the total amount of change in the problem’s dynamics;

it provides a handle on the “price of non-stationarity,” i.e., the performance loss incurred by not



knowing the future compared to a stationary world. For instance, if the demand distribution in
an inventory problem shifts drastically (large variation budget), the problem is inherently harder
than if it only fluctuates mildly. Prior research in online learning and optimization has leveraged
such measures to design algorithms with performance guarantees that degrade gracefully as the
environment’s variability increases [Besbes et al. 2015]. Notably, Besbes et al. (2015) introduced a
restarted online gradient descent approach for non-stationary stochastic optimization, showing
that if the total variation is bounded by V, one can achieve a dynamic regret of order O(T% 3VT1 / 3.
However, a crucial assumption in their framework is that the variation budget V7 (or a reliable
upper bound on it) is known to the decision-maker in advance.

In practice, such knowledge is rarely available—the decision-maker typically does not know
how many changes will occur or how large those changes will be. In the absence of prior in-
formation on when and how the environment might change, the learner faces two main difficul-
ties. First, detecting and reacting to changes is non-trivial without explicit cues. The algorithm
must rely on incoming observations to infer that the underlying distribution or cost function
has shifted, all while continuing to make near-optimal decisions. Second, the magnitude of non-
stationarity (captured by the unknown variation budget) affects what performance is achiev-
able, yet the algorithm cannot directly tune itself to this unknown parameter. Many existing
approaches bypass this issue by either assuming a known bound on variation or by tuning hy-
perparameters in hindsight, leaving a gap for truly adaptive methods.

In this chapter, we address these challenges for online stochastic convex optimization in non-
stationary environments. We consider a general setting in which, at each time ¢, the decision-
maker incurs a convex cost f;(x;), but the cost function f;(-) may change over time with an
unknown variation budget Vr = B - TV for some v € [0, 1]. Neither the change points nor the
exponent v is known to the learner. Our goal is to design policies that attain low dynamic re-
gret—that is, total cost close to that of an oracle who, in hindsight, knows the best action x;

for each period. Building on insights from both adversarial online learning and stochastic ap-



proximation, we develop a framework of adaptive stochastic gradient descent (SGD) algorithms
that do not require any prior knowledge of the variation budget yet provably achieve near-optimal

performance.

1.1.1 MaAaIN ResurLTs AND CONTRIBUTIONS

Our contributions can be summarized as follows:

Adaptive SGD with first-order feedback. We propose a restarting SGD algorithm for the
case where only noisy gradient information is observed. Under a mild local strong convexity
assumption, our method automatically adapts to the unknown variation budget and attains dy-
namic regret of order

1

., 2 1
Oo(T3V7),

matching the minimax rate up to logarithmic factors without knowing V7 in advance.

Hybrid feedback algorithm without curvature assumptions. When both function val-
ues and gradients are available (zeroth— and first-order feedback), we design a hybrid adaptive
algorithm that dispenses with any strong convexity requirements. By using raw cost differences

to detect shifts, it also achieves dynamic regret

in the general convex setting, again without prior knowledge of the variation.

Fully adaptive, near-optimal performance. Both algorithms attain the optimal trade-
off between horizon length and environmental variability—characterized by T and Vr—without
assuming that V7 (or its exponent) is known. This closes the adaptivity gap in non-stationary

online convex optimization.



1.1.2 LITERATURE REVIEW

Online learning in non-stationary environments. This project is also related to a broader
area of online learning and optimization in non-stationary environments. Extensive studies have
been developed for stochastic optimization with non-stationary rewards (e.g., Besbes et al. 2015,
Jiang et al. 2020), non-stationary multi-armed bandits (e.g., Besbes et al. 2019, Cheung et al. 2019a),
non-stationary reinforcement learning (e.g., Cheung et al. 2019b, Wei and Luo 2021), and dynamic
pricing and demand learning in non-stationary environments (e.g., Besbes and Zeevi 2011, Keskin
and Zeevi 2017, Chen et al. 2019¢, den Boer and Keskin 2020, Zhu and Zheng 2021, Keskin and Li
2021).

The challenge of non-stationary rewards in multi-armed bandit problems introduces a fun-
damental trilemma between exploration, exploitation, and adaptation to environmental changes.
Besbes et al. 2019 pioneered a non-parametric framework to address this, quantifying the total
change in mean rewards over a horizon T with a “temporal variation” budget, Vr. They char-
acterized the complexity of this problem by establishing a minimax dynamic regret of order
O((KV7)'/3T?/3) against a powerful dynamic oracle, which knows the best arm at every time
step. Their analysis, however, assumes that this variation budget is known beforehand. Building
upon this, Cheung et al. 2019a tackles the more practical scenario where the variation budget is
unknown. They introduce a novel Bandit-over-Bandit (BOB) framework that adaptively tunes
a sliding-window UCB algorithm, effectively learning the rate of change online. This method
achieves nearly optimal dynamic regret without prior knowledge of the non-stationarity, suc-
cessfully "hedging the drift" and extending its applicability to various settings, including linear
and combinatorial semi-bandits.

Dynamic pricing and demand learning in non-stationary environments present a significant
challenge, as firms must adapt to evolving customer behavior with only partial feedback. Recent

literature has explored various models of non-stationarity and proposed tailored learning poli-



cies. For instance, Keskin and Li 2021 study a market where customer preferences for quality-
differentiated products shift according to an unknown Markovian process. They design a rate-
optimal “bounded learning policy” that carefully balances learning new market states with ex-
ploiting existing knowledge, demonstrating a robust approach for structured, recurring changes.
In a different vein, Zhu and Zheng 2021 investigate a continuously growing environment where
both the mean and variance of demand increase over time. Their work reveals that the optimal
regret and policy design are critically dependent on the growth rate of demand variance and,
surprisingly, on whether the time horizon is known in advance. Addressing abrupt market shifts,
Chen et al. 2019c model demand that evolves linearly but is subject to discrete change-points of
different orders (e.g., sudden jumps vs. changes in trend). They propose an algorithm that ex-
plicitly detects these change-points and adapts its pricing strategy accordingly, achieving tight
regret bounds that scale differently (T/2 vs. T%/3) depending on the smoothness of the change,
thereby underscoring the need for algorithms that can identify and react to the specific nature of
environmental shocks.

Among these works, Besbes et al. 2015 is the most related to this project. They consider a se-
quential stochastic convex optimization problem, where the underlying unknown cost functions
may change over the horizon whose amount of changes is constrained by the variation budget.
The authors connect the adversarial online convex optimization (OCO) with the non-stationary
stochastic optimization. They establish a restarting framework that adapts any algorithm with
a “good” performance with respect to the single best action in the adversarial setting to a pol-
icy with a “good” performance with respect to the dynamic benchmark in the stochastic setting.
In this paper, we borrow their notion of variation budget to measure the amount of changes in
demand distributions and their restarting framework to design the algorithm.

Online learning for inventory models with non-stationary demands. There is a large
body of literature in the area of data-driven inventory control that develop online learning al-

gorithms for inventory models with i.i.d. demand distribution. Earlier studies analyze the repet-



itive newsvendor problem (see, e.g., Huh and Rusmevichientong 2009, Huh et al. 2011, Besbes
and Muharremoglu 2013, Levi et al. 2007, Levi et al. 2015). Later more complicated systems are
studied, e.g., lost-sales inventory systems with lead times (Huh et al. 2009, Zhang et al. 2020,
Agrawal and Jia 2019), perishable inventory system (Zhang et al. 2018), inventory system with
random capacity (Chen et al. 2020b), inventory system with fixed ordering cost (Yuan et al. 2021),
and joint pricing and inventory system (Chen et al. 2019a, Chen et al. 2021, Chen et al. 2020a,
Chen et al. 2022). Among these works, the stochastic gradient descent method has been adopted
by many papers, e.g., Huh and Rusmevichientong 2009. In particular, Shi et al. 2016 considers
a multi-product inventory control problem under a warehouse-capacity constraint is the study
most related to this project. The authors develop a learning algorithm based on SGD method and
prove the regret upper bound O(VT). The major difference of this paper compared to Shi et al.
2016 is that they assume demand distributions are i.i.d. whereas we consider a non-stationary
environment.

There are also a growing body of literature going beyond the i.i.d. assumption to study data-
driven inventory models with non-stationary demands. Chen 2021 considers an inventory control
problem in a shifting demand environment with the number of changes in demand distributions at
most O(log T). The author proves a regret lower bound Q(VT) and construct a learning algorithm
with regret upper bound O(VT). Keskin et al. 2022 studies a joint pricing and inventory problem
for a perishable product, and construct algorithms for both the settings with non-parametric and
parametric noise distributions, with the regret upper bound O(T%?) and O(T"/?) respectively.
Keskin et al. 2021 studies a repetitive newsvendor problem with a time-varying mean demand
level. The authors design a moving window ordering policy and prove the regret upper bound
O(VT) under constant variation budget and O(T"**)/2) under O(T?) variation budget. Cheung
et al. 2019b studies the non-stationary reinforcement learning with a single-product lost-sales
inventory model as an application. Gong and Simchi-Levi 2021 apply the Q-learning technique

to analyze inventory models with unknown cyclic demands and study the single-product lost-



sales model with zero lead time and multi-product backlogging model with positive lead times.
Ding et al. 2021 considers a stochastic inventory system where demand distributions are feature-
dependent and thus non-stationary. They design two algorithms based on SGD and prove the
regret upper bound OVT) for both algorithms.

Closest to our work is the recent study of the Nonstationary Newsvendor by An et al. [An
et al. 2025], who analyze sequential inventory decisions with unknown, time-varying demand (in
a fully discrete model of both demand and order quantities), with and without side predictions.
They design policies that are variation—adaptive without being given the nonstationarity level:
in the no—prediction case they obtain a (near) minimax regret of O(T(3+")/ %), and with generic
predictions of accuracy exponent a they achieve O(T™M(3+)/4a}) 'matching lower bounds up to
logarithmic factors. Methodologically, their policies are not gradient-based; instead, they work
directly with the newsvendor loss and employ multi-scale, backward-looking estimators (win-
dowed statistics) whose effective horizon trades off bias and variance as a function of the hy-
pothesized variation level. By contrast, our algorithm is developed in the general online convex
optimization setting and operates in the gradient-descent paradigm: we run K parallel OGD learn-
ers tuned to a grid of variation exponents and promote across learners via an empirical cost—gap
test (first-order or hybrid zero/first-order feedback), which requires no distributional assumptions
and, in the hybrid case, dispenses with curvature constants. Importantly, we also instantiate our
algorithms in two domains—(i) nonstationary inventory control and (ii) universal portfolio se-
lection—and in the inventory specialization we obtain dynamic regret O(T(2+V)/ 3), improving the
T-exponent over [An et al. 2025]’s O(T®*")/4) for all v < 1 (the rates coincide at v = 1), while
still requiring no prior knowledge of v and retaining applicability to general convex losses with

first-/hybrid-order feedback.



1.1.3 NOTATIONS

Throughout this paper, we use R} to denote the set of n-dimensional non-negative vectors.
Unless otherwise specified, for any n-dimensional vector x, ||x|| denotes the Euclidean norm (or
2-norm), i.e, ||x|| = (X, xl.z)%. For two vectors x = (x1,X2,...,%Xp) and y = (y1,y2, ..., Ym) in
R™, x > y is equivalent to x; > y; for each i = 1,2,...,m. For any n € N*, we denote [n] as the
set {1,2,...,n}. For any x € R" and compact set X C R", let Projy(x) be the projection operator

that projects x to X, i.e., Projy(x) = arg mingex ||y — x| 2.

1.2 PROBLEM FORMULATION

Consider a sequential stochastic optimization problem over T time periods. In each period t €
[T], the decision maker is faced with an unknown convex and differentiable function f; (x) defined
on a convex, compact and non-empty action set & C R¢. For convenience, we refer to f;(x) as
the cost function for period t and denote the radius of action set X by D := maxy, y,eq ||x1 — x2||.
The decision maker chooses an action x; from action set 2" and then observes some feedback ¢;

at the end of period ¢. For action x € &', there are forms of feedback:
(i) Noisy access to the cost, denoted by gbfo) (x, f), such that ]E[gzﬁt(o) (x, f1)] = fi(x);
(if) Noisy access to the gradient, denoted by ¢t(1) (x, fi), such that E[qﬁfl) (x, )] = Vfi(x);

In this work, we consider the following two scenarios of the feedback the decision maker can

observe in each period t € [T]:

(i) for all feasible actions in x € &, only qﬁfl) (x, f;) is observed, and in this case, we denote the

feedback in period ¢ by ¢\") = {¢\" (x, f;) : Vx € T};

(ii) for all feasible actions in x € &, both gbfo) (x, f;) and qSt(l) (x, f;) are observed, and in this

case, we denote the feedback in period ¢ by ngt(O’l) = {ngt(i) (x, f1) :Vx € X,Vi=0,1}.

8



Let & be a class of sequences f := (fi, f2, . .., fr) of convex cost functions satisfying the following

conditions: there exists a finite and positive constant G such that
I < G IVAII <G Vte[T],Vxel.

We also assume that for each t € [T], x} := arg min,cq f;(x) is an interior point of 2.
Assumption 1. We assume for anyt,

(1) Sub-Gaussian noise:

lgs” G f) = 0|
is a og-sub-Gaussian random variable (Definition 1.1)

(2) Sub-Gaussian noise:

65 e, f1) = VA

is a o1-sub-Gaussian random variable.

There are several equivalent definitions of sub-Gaussian random variables up to an absolute

constant scaling. For convenience, we use the following property as the definition.

Definition 1.1 (Sub-Gaussian random variable). A random variable X is called o-sub-Gaussian
if

1
E[exp(/lzXz)] < exp(A%0?)  forall A with || < =
o

The class of admissible policies. Following the definition in [Besbes et al. 2015], an ad-
missible policy 7 = {m; : t € [T]} is a sequence of functions, where each 7; maps the history
(x1, @1, X2, Pa, . . ., X¢—1, P1—1) and possibly some external randomness U; to a feasible action x; in
set 2. Let #; denote the class of all admissible policies. Note that any 7 € % is non-anticipating,
i.e., it depends only on the past history of actions and observations, and allows for randomized

strategies via their dependence on U; in each period t.



Temporal variation and variation budget. For any function sequence f = (fi, f2,..., fr) €
F , following the notion in [Besbes et al. 2015], we consider the following variation based on the

sup norm:

T
var(fi, fo o fr) = 2 1fe = fisall,
t=2

where ||g — h|| = sup,cq |g(x) — h(x)| for two bounded functions g(-) and h(-) from 2 to R.
Let {V; : t € [T]} be a sequence of non-decreasing numbers with V; = 0. We refer to Vr as
the variation budget over T periods and make the assumption that V; = B - TV where B is some
constant (which we take to be equal to one from here on). Then we define the corresponding
temporal uncertainty set, as the set of admissible cost function sequences that are subject to the

variation budget V1 over T periods:

T
7 = {(fl,fz,...,fT)e9:2||ft—ﬁ_1||<VT}. (1.1)

It is important to notice that the value of V7 is unknown in practice.
The notion of dynamic regret. The performance of any admissible policy = € & is defined

against a dynamic oracle:

T T
R} (T, Vp) = ;‘gg {E”[;ﬁ(xt)] - ;ﬁ(xi‘)} ,

where the expectation E”[-] is taken with respect to any randomness in the feedback, as well as
in the policy 7’s actions. In the adversarial online convex optimization context, the performance
of a policy is usually evaluated against a single best action benchmark and the objective is usu-
ally to minimize the following static regret: sup e {E”[ZtT=1 fi(x:)] — minyey Zthl fi(x)}. As
discussed in [Besbes et al. 2015], the dynamic oracle used as benchmark in equation (1.1) can be

a significantly harder target than the single best action defining the static regret.
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1.2.1 PRELIMINARIES IN [BESBES ET AL. 2015] AND CHALLENGES FROM

UNKNOWN VARIATION BUDGET

In this section, we will review the most relevant result in [Besbes et al. 2015] and discuss the

new challenges in our context.

1. UNKNOWN CHANGING TIME AND MAGNITUDE OF DEMAND DISTRIBUTION SHIFTS. One of the
foremost challenges in this setting is the uncertainty surrounding when and how significantly
the demand distribution changes over time. The demand distribution may shift due to various
external factors such as market trends, seasonal effects, or economic conditions. These shifts can
occur at arbitrary times and can vary in magnitude, making it difficult to predict and adapt to
changes promptly. Without prior knowledge of the change points or the extent of distributional
shifts, the algorithm must be robust enough to detect and respond to these changes in real-time

to minimize inventory costs effectively.

2. UNKNOWN VARIATION BUDGET Br. Another significant challenge is the lack of knowledge
about the variation budget Br, which is a crucial quantity measuring the total amount of distri-
butional changes over the planning horizon. We assume that By = GD-T" for some v € [0, 1], but
the exact value of v is not known in advance. On the other side, the magnitude of Br = GD-T" will
definitely affect the best possible regret bound a learning algorithm is able to achieve. The uncer-
tainty regarding v complicates the design of the learning algorithm. Ideally, the algorithm should
achieve a regret upper bound that is tightly dependent on v, even without knowing its exact value.
To address this, the algorithm must dynamically adjust its learning rate and decision-making pro-

cess to effectively respond to varying degrees of non-stationarity in the demand process.

11



1.3 ADAPTIVE SGD ALGORITHMS AND REGRET UPPER BOUNDS

As preparations, we introduce a discrete set of hypothetical variation parameters V = {vy, v,, ..

defined as follows:
k

B log T’

Vi k=12... K, (1.2)

where K is chosen such that vg_; < 1 < vg. This discretization ensures that the candidate set V
covers the entire range of possible variation budgets up to v < 1. Let k* be the smallest index in
{1,...,K} such that v < v+. Given the relation v+ = vk*_1+$, it follows that v < v < v+@.
Consequently, TV < T"* < eT", implying that T"** is within a constant factor of T". For each
k € [K], we define the following window size under the hypothesis that the variation budget is

of order ©(T"):

pk =[50,

This batch size can be interpreted as the length of the restarting window in the restarting OGD
framework established by [Besbes et al. 2015] for online convex optimization with non-stationary
rewards, when the variation budget is ®(T"¥). It is important to notice that since the decision
maker does not know the exact value of v, neither does he/she know the exact value of k*. There-
fore, one crucial task in designing the algorithm is to detect the true value of k* and the true

variation budget.

1.3.1 WiTH FIRST-ORDER FEEDBACK

In this subsection, we study the setting that only the first-order feedback is available to the
decision maker in each period. In this scenario, we make the following assumption on the local

smoothness property of cost functions in each period.

12
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Assumption 2. There exist constants § > 0 known to the decision maker and 5 > 0 such that

Sllx = x{ 1 < fi(x) = ilx)) < Sllx = x{1I%, Vx e, Vee|[T].

Assumption 2 requires that the cost function f; (x) is bounded above and below by two quadratic
functions. When f;(x) is twice-differentiable, a sufficient condition for this assumption is that
the Hessian matrix V2f;(x) of f;(x) satisfies 26I; < V2f;(x) < 28I, where I; denotes the d-
dimensional identity matrix. Note that when the only available feedback is the first-order infor-
mation, we have to assume that parameter § is known and the algorithm we design later will use
the information of this quantity. If § is unknown, the learning problem in the unknown changing
environment becomes much more difficult. However, if zeroth-order information is available, we
can address the problem without imposing Assumption 2 (and thus without requiring the exis-

tence or knowledge of §) by modifying the algorithm, and establish a similar regret bound. See

Section 1.3.2 for further details.

The description of the adaptive SGD algorithm with first-order feedback is given in Algo-
rithm 1. We next provide an intuitive explanation on the design of this algorithm. At the high
level, the algorithm maintains K parallels “hypothetical” learners, indexed by g = 1,2,. .., K, cor-
responding to different guesses vy, vy, ..., vk on the unknown variation parameter v, and adap-
tively chooses the action based on it updated belief on v. Due to the assumption of fully first-order
feedback, we are able to update the SGD estimator under each hypothetical variation parameter.
Each learner uses a different step size ry? (or equivalently, window size A?), selected carefully to
hypothetically achieve its theoretical optimal regret rate. At each period ¢, the algorithm monitors
the performance of the current active learner (indexed by k) against all high-indexed learners. In
Lines 5-6, the LHS term §;}if ||£F — £7]|? in the if condition measures the cumulative squared
difference between the actions of the current and alternative learners since the last switch. If this

term exceeds the threshold in the RHS, it suggests that the current learner is no longer well-tuned

13



to the environment’s variation, and the algorithm switches to the next learner.

Algorithm 1 Adaptive SGD with First-Order Feedback

1: Input: hypothetical variation parameters {v, : 1 < g < K}, hypothetical window sizes
{A? :g=1,2,...,K}, upper bound G, diameter D, tuning parameter y

2: Initialization: Set k = 1, tjf = 1, arbitrarily set x; € 2" and ff € X foreachg € {1,2,...,K}.

3: fort =1to T do

4: if t > 2 then

5: if for someg € {k+ 1,k +2,...,K},

-1 24y, 11
Z |1#5 - 29|1? > 2T (4GDylog T + > (= +Y)GD +2GD)
Y

s=tif

IS

6 then k « k+1and t; « t.
7: end if

8 forg=1to K do

9

Observe the gradient at the g-th hypothetical action G;(x;_,) := d)t(i)l fctg_l, fi-1);

. . g _ yD |
10: Compute the g-th hypothetical step size n; = oAl
11: Update the g-th hypothetical action %/ = ﬁf_l - ry? . Gt()?[g_l);
12: end for
13: end if

14: Choose the k-th hypothetical action x; = £F and incur the loss C,(£F) := t(o) (%K, £).
15: end for

The theoretical performance of Algorithm 1 is presented in the following theorem.

Theorem 1.2. Suppose ¢; = t(l) for eacht € [T]. Under Assumption 2, Algorithm 1, denoted by
71, achieves the following regret upper bound:
,,1 2 3 3
R, (T, Vr) = o(Ta v (1ogT)z).
For general stochastic convex optimization problems with variation budget V7 and noisy gra-
1
dient feedback, [Besbes et al. 2014] has proven that the minimax regret lower bound is Q (T§ V3).

The upper bound we establish for Algorithm 1 matches this lower bound up to logarithmic factors

in T. Meanwhile, we notice that when the Hessian of each f;(-) is uniformly bounded from below

14



and from above (see inequality (10) in [Besbes et al. 2014]) and the variation budget Vr is known,
[Besbes et al. 2014] shows that the regret can be reduced to Q(T% VT% ). Comparing our result with
theirs, Assumption 2 is weaker than their condition, as it only requires a local property around
the optimum. In addition, we relax the crucial assumption of knowing Vr. As a consequence, our
regret upper bound remains at ON(T%VT%). It remains an open question whether it is possible to
design an adaptive learning algorithm that does not require knowledge of Vr and can achieve the

1
regret upper bound O(T%VTZ) for strongly convex cost functions.

Sketched Proof of Theorem 1.2. Before delving into the details, we first provide an overview

for the key steps to prove the result.

« In the first step, we establish a high-probability bound for some “good event” on the per-
formance of the actions maintained by different hypothetical variation budgets in the two
settings. Specifically, the good event refers to that for each g € [K], the actions maintained
by the hypothetical variation budget T"9 in periods t = 1,2,..., T deviate from the optimal

2+

actions x7, x3, . . .,x; by at most é(TTg)

« In the second step, we show that in both settings, when the good event happens, the algo-
rithm will never over-estimate the value of f. Let k() denote the index for the hypothetical
variation parameter used in period ¢. Then we show that under the good event, k(¢) < f

for each t € [T].

« In the third step, we bound the total regret of adaptive SGD algorithm by bounding the

regret under the good event and the bad event, respectively.

Step 1: Construct a high-probability bound for all hypothetical SGD estimators.

Proposition 1.3. Suppose ¢; = t(l) for each t € [T]. Under Assumption 2, the following event

15



Gy holds with probability at least 1 — K/T:

T 2+, 1 1
Z 1#9 = x}|[> < T (4GDylogT + 5 (- +1)GD +2GD)
Y

] =

Sketched Proof of Proposition 1.3. Recall that for each g = k™, k* + 1,..., K, the g-th hypothetical
restarting window size is defined by Ag |'T3(1 v9)]. Foreach j=1,2,...,[T/AY 71, let 7, j denote

the time periods in the j-th batch, i.e.,
T2 G- DAJ+1 G- DAL +2, ., (A AT,

By applying the strongly convex property in Assumption 2, we have the following inequality:

(£ - i)

1] =
1~

Il
—

T
PEREAIEE
t=1

t

1 [T/A7]
=5 2, [ 2 AGH-min 3 fon) )
= j=1 t€9,,; te‘];]
@: regret relative to batch j’s single best action
[T/A%]
Z (min Z fitw) = 3 fite) ) (1.3
Jj=1 teTy,;

@: regret due to functional changes

We next bound the two terms @ and @ in inequality (1.3). For the second term, it directly

follows from the analysis of Proposition 2 in [Besbes et al. 2015] that

[T/A7] [T/A7]

Z (min > fitw = Y fitxd) ) < Z 288 S |1 - fiall = 289V,

t€Tyj teTyj teTyj

@: regret due to functional changes
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Bounding @ in inequality (1.3): To bound the first term, we prove the following technical lemma

that develops a high-probability bound for SGD algorithm in a general class of online convex op-

timization (OCO) problems.

Lemma 1.4 (High Probability Bound for Non-Stationary OCO). Consider a sequential stochastic

convex optimization problem mincy SI. fi(x). For eacht > 1, we assume
(i) fi;(x) is convex and differentiable in X C R";
(i) maxy, xex ||x1 —x2|| < D.
Let %y be an arbitrary point in Y and for eacht > 1, Xp41 = Projy (% — 1:G¢(%:)), where
(i) E[Gi(x)] = of;(x) for any x € Y and max,e|r)cex |G:(x)| < G with probability one;
(ii)) n; = g—% for some tuning parametery > 0.

Then for any 6 > 0, the following inequality holds with probability at least 1 — 6:

Lo 1.1
ma > (ft(xt) —ﬁ(x)) < 2GD\2T log(1/5) + 5(; +y)GDVT.

t=1

In the classical framework for analyzing the performance of the SGD algorithm, the typical
measure of interest is the expected regret, i.e, Zthl (E[f;(9:)] — fi(y)). In Lemma 1.4, we establish
a stronger high-probability bound on the empirical regret of the SGD algorithm (i.e., Zthl (fi(ge)—
f:(y))), which is especially useful for constructing the triggering event in our algorithm (Line 5 in
Algorithm 4). To prove Lemma 1.4, we construct a sequence of martingale differences and invoke
the martingale concentration inequality to bound the empirical regret.

We defer the detailed proof to Appendix ?? and next explain how to apply Lemma 1.4 to bound
@ in inequality (1.3). For any fixed g € [K], for the learning horizon with A% periods, from Line

10, the step size rﬁ issettoyD/(G A‘;}“). Then by applying Lemma 1.4 to @ in inequality (1.3) for

17



each j=1,2,...,[T/A 71, we have the following inequality holds with probability at least 1 — &:

t;;jﬁ(xt) - mm tZ%“Jﬁ(W) 2GDw/2Ag log 5 + + Y) GD\/7
= GD+/Ar4 (2\/210g5 1(1 +y))

142y
Note that T/ A? < T75 < T.Then by letting § = 1/T? and applying the union bound, we have

the following inequality holds with probability at least 1 — [T/ A";'|5 >1-1/T:

[T/A9]
Z (D AGED—min 3" fitw)) <

teTyj te7;j

GD\/E(4 log T + = (}1/+y)). (1.4)

With inequalities (1.4) and the previous discussion, we have,

1,1 1 T 1
2
E ||xt—xt|| T — |GD AT (4 10gT+E(}—/+Y))§+ A_g ZA?VTE (15)
2+1y 1
< T (4GDylogT + = ( +y)GD+ZGD)5 (1.6)

which completes the proof for proposition 1.3.

Step 2: ASGD never over-estimates the variation budget with high probability. Let k(t)

denote the index k applied when updating the post-ordering inventory level y; in period t.

Proposition 1.5. Suppose good event Gy occurs. Then k(t) < k* for eacht € [T].

Proof of Proposition 1.5. Suppose there exists some period ¢y € {2,3,..., T} such that, the algorithm

adopts k* in period tp—1 and switches to k*+1 in period t,. That it, k(#p—1) = k* and k(ty) = k*+1.

18



Then there exists g > k* + 1 such that

0 . 24 11
Eznﬁ:—fﬂﬁ>2Twi@GD log T + (= +y)GD +2GD) (1.7)
Y

S=tif

IS

On the other hand, under event Q¢<1>, we have

to

T
k* 2 29112
DR &P < IR - &
s=1 s=1
<zZ||a%s —x] ||2+zZ||x - %2

2+

1 1
< 2T (4GD logT + (= +y)GD +2GD),
Y

[ =

leading to contradiction with (1.7). Therefore, the algorithm never switches to k* + 1, which

implies k(t) < k* for all t € [T]. O

Step 3: Regretbetween consecutive switches and on the terminal tail. Let = = (4GD+/log T+
%(% +y)GD + 2GD). Condition on the good event Gy and Proposition 1.5, so that k() < k
for all t € [T]. Let the (at most K) switch timesbe 1 < t; < --- < f)y < T, and set t; := 1
and typ; = T+ 1. Form = 0,1,...,M — 1, consider the interval I,, = [t,;, tme1 — 1] Where the

if-condition is not triggered. By Assumption 2 (upper quadratic growth with parameter §) and

(a+b)? < 2(a® +b?),

2, RGP = fix) < 8 3 155 = x|

tel,

teln
GASGD _ gk 12 1ok _ o2
- 1
(Il 1+ 1% = x;11%). (1.8)
teln
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Because the if-condition is not triggered on I, and k(t) < k*, its negation with g = k* yields

(SN}
(SN
1| 1

Er
< 2eT

2+ V%
~ASGD k12 —k
§ 1%} —x 1" <2773 s Vr -

tel,

where the last inequality uses T"* < e Vr (as in the discretization argument). Moreover, by

Proposition 1.3,

Wi
W=

2+ Vg

T —_
o r<T 2L < eIV
”t t 5 T

=1 <z

o]

Plugging these into (1.8) gives, for every interval I,, between two consecutive switches,

(1.9)

Wi
SR

R . 5 _
Z (ft (xtASGD) - ft(xt )) < 6e 3 =r T
tely, Z
Terminal tail [f,s, T]. Let ta := ty be the last switch time (or 1 if no switch occurs). On

tasts T'] the if-condition is never triggered, hence the same negation with g = k* applies on the
gg g 9 pPp

whole tail. Repeating the argument above yields

T
(1.10)

A : 5 a
D (RGP = i) < 6es B TV

E=l]ast

Summing intervals and accounting for the bad event. There are at most M < K switches,

hence at most K between-switch intervals plus the terminal tail. Summing (1.9) over these inter-

vals and adding (1.10) yields, on G4,

[SSI

T
DT (AESD) - fi(x) < CT3V; Er (log T)OW,

t=1

where we used K = (log T)°W for the grid size and absorbed constants into C. On Q(E(l), which

occurs with probability at most K/T by Proposition 1.3, the regret is trivially bounded by T -

max;xeq fi(x), contributing at most O(K) in expectation. Combining the two parts and recalling
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Er = ©(GD+/log T) establishes

1 2 1 3
R, (T, Vr) = O(T3Vy (log T)?)

1.3.2 WITH ZEROTH-ORDER & FIRST-ORDER FEEDBACK

In many applications the learner can observe (or actively query) both a noisy gradient gbt(l) (x, fr)
and a noisy function value ¢>t(0) (x, f;) for every feasible action. This hybrid feedback supplies
strictly more information than the first-order-only setting of Section 1.3. Crucially, realised costs
can now be compared directly, allowing us to detect distributional shifts without appealing to
geometric surrogates that depend on unknown curvature parameters.

Because the switching test in Algorithm 2 is written in terms of empirical cost differences,

-1
Do) - o)

Sztif

>

the procedure no longer needs knowledge of the lower-curvature constant ¢ (cf. Assumption 2).
Hence we can work with arbitrary convex losses that satisfy the boundedness condition in (1.1),
while retaining the same regret guarantees.

As before, we maintain K parallel SGD learners, one for each hypothetical variation exponent
vg. Learner g uses window size A? and constant step size ry? o 1/ \/Z% so that, if v = v; were the
true exponent, its standalone regret would achieve the minimax rate O(T?/ 3VT1 / *). The algorithm
starts with the most aggressive learner (k = 1) and monitors its realised cost relative to each more
conservative learner g > k. If the cumulative gap exceeds the data-dependent RHS threshold
(Lines 5-6), we interpret this as evidence that the environment is drifting faster than T and

immediately promote the next learner, resetting the comparison window at t;f < t.
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Algorithm 2 Adaptive SGD with Hybrid Feedback

1: Input: hypothetical variation parameters {v, : 1 < g < K}, hypothetical window sizes
{A? :g=1,2,...,K}, upper bound G, diameter D, tuning parameter y

2: Initialization: Set k = 1, tjf = 1, arbitrarily set x; € 2 and fcf € X foreachg € {1,2,...,K}.

3: fort=1to T do

4: if t > 2 then

5: if for someg € {k+ 1Lk+2,...,K},

t—1
SISOGE £) = $O G f)l 2 277 (4GDIog T + (y +y™)GD +2GD) + 800y Tlog T,

s=tif

6: then k «— k+1and t; « t.

7: end if

8: forg=1to K do

9: Observe the gradient at the g-th hypothetlcal action Gy (xt )= ¢(1) x5 fi-1);

yD

10: Compute the g-th hypothetical step size 57 = B \/A_g,
11: Update the g-th hypothetical action %/ = x nT Gt(xt Nk
12: Query the cost at the g-th hypothetical actlon Ci(%)) = ngt(o)( £ £).
13: end for
14: end if

15: Choose the k-th hypothetical action x; = £F and incur the loss C,(£F) := ngt(O) (%K, £).
16: end for
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Theorem 1.6. Suppose ¢; = ¢§0’1) forallt € [T]. Then Algorithm 2, denoted 5, achieves
T 2 1 3
R, (T,VE) = O[TV (logT)}).

The hybrid procedure matches the dynamic regret rate of the first-order algorithm while dis-
pensing with curvature information. Whether the additional zeroth-order feedback can be lever-
aged to achieve the faster O(Tl/ 2VT1 / 2) bound without knowing Vr remains an intriguing open

question.

Sketched Proof of Theorem 1.6. The argument mirrors the first-order case, but leverages the

extra zeroth—order feedback and dispenses with local strong convexity.

« Step 1: Good—event construction. We show that, with high probability, every hypothetical
learner indexed by g € [K] incurs a total noisy—cost deviation from the dynamic oracle
that grows no faster than the optimal rate predicted for variation budget T"9. The bound
follows from a batchwise application of a martingale concentration inequality combined

with the regret guarantee of stochastic gradient descent.

« Step 2: No over—estimation of the variation exponent. Conditioning on the good event, the
if—test in the algorithm can never promote an index larger than the true one k*. The proof
inserts the oracle trajectory as an intermediate reference and applies the triangle inequality
together with the good—event bounds to reach a contradiction whenever an over—estimate

is hypothetically assumed.

« Step 3: Regret decomposition over trigger intervals. Between any two successive trigger
epochs the noisy—cost gap between the active learner and the oracle is dominated by the
good—-event threshold. Summing over at most K = [log T such intervals, and adding the
negligible contribution from the low—probability complement of the good event, yields the

stated dynamic-regret upper bound, matching the minimax rate up to logarithmic factors.
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Step 1: A high-probability bound for the cumulative noisy costs of all hypothetical

learners.
Proposition 1.7. Assume ¢; = ¢t(0,1) for everyt € [T] and fixg € {k*,k*+1,...,K}. Let A% =
|_T§(1'V9)-| and define the event

T 2+

Gson = {‘Z[gf)(o)(f‘f, £) =4O (x, ft)]( < T3 (4GD logT+%(y+y_1)GD+ZGD)+400\/TlogT}.

t=1

3K
Then Pr(g¢<o,1>) >1- =

Proof sketch. For the g-th learner write

T T T T
D80G -0 G ] = D J O GL ) — FED]+ D [AED - D]+ [ -0 6 H)].
t=1 t=1 1

t= t=1

(noise at fcf) (true loss gap) (noise at x})

To bound the first and the third terms in the above, we establish the following high-probability

bound: with probability at least 1 — %

< 09V 2T log(T?), (1.11)

sup
xel

5 (600 f) - fi(x))

t=1

by sub-Gaussian tail bound, which can be found from Appendix. The failure probability for both
terms over K — k* + 1 < K learners should be at most 2K /T
The middle sum, Zthl [f:(%7) = fi(x})], is controlled by the estimate
T 2
+1g

Z[ﬁ(a&f)—ﬁ(xf)] < T (4GDlogT + 1(y +y™)GD + 2GD),

t=1

proved in proposition 1.3. A union bound over the K — k* + 1 < K relevant learners completes

the argument, giving failure probability at most 3K /T and establishing the proposition. O
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Step 2: The hybrid ASGD never over-estimates the variation budget.

For every index g € {k*,k*+1,...,K} define

2+1g

By = T (4GDylogT + Ly +y™)GD +2GD) + 400 TlogT.

The if-statement in Algorithm 2 uses the threshold

RHS(g) = By +B,, with By~ < By (since v+ < vy).

Good event. Proposition 1.7 implies that, with probability at least 1 — %, the following bounds

hold simultaneously for every g > k*:

T T
2PV =60 Pl < By and D JpVGE ) - g0 ] < B (1Y)
t=1 t=1

Denote this joint event by G-
Proposition 1.8. On G the index used by the algorithm never exceeds k*, i.e. k(t) < k* for all

te|[T].

Proof. Assume toward a contradiction that the algorithm first switches from k* to k*+1 at time
to (> 2). Let t;s be the start of the current monitoring window. Then, by the switch rule, there

exists g > k*+1 such that
to—1
Db QG £) - 6O, £)| > 2B, (1.13)

N :tif

Under the good event we may insert x; between the two trajectories and apply the triangle

inequality:

6O EE, £) = pO L H)| < O £) = 6O )]+ [V G ) - 9O £
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Summing over s € [t, tp — 1] and using (1.12) yields

to—1

Z|¢(O)(’%§*’fs) — 9Oz, fi)| < By + By < 2By,

S=tif

contradicting (1.13). Hence the algorithm can never select an index strictly larger than k*, com-

pleting the proof. ]

Step 3: Regret between consecutive switches and on the terminal tail. Condition on the
good event G and Proposition 1.8, so k(t) < k* for all ¢. Let the (at most K) switch times be
l<ti<---<ty<T,andsetty:=1landtys; :=T+1. Form=0,1,..., M—1, define the interval
with no switches

Iy = [tm, tm+1_l]-

Since the if-test never triggers on I, and k(t) < k*, taking g = k* in Lines 5-6 of Algorithm 2

yields the negation

DO GE£) - ¢ OGE )] < 2B, (1.14)

tely,

where By is as in Step 2.

Between-switch intervals. By the triangle inequality,
POGES) =060 ) = [¢0GEf) -9V GE )] + [0V GE ) - ¢ 60 ).
Summing over t € I, and using (A14) together with the good—event bound for k* (Step 1) gives

ZM(O)(&f’ﬁ) —¢© (x}, f1)] < 2Bge+ By = 3By (1.15)

tel,
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Taking expectations and using E[¢(*)(x, f;)] = f; (x) yields

E

D (HED - ﬁ(x:))‘ gw,l)] < 3By
tel,
Terminal tail [has, T]. Let tiug := ty (or 1if M = 0). On [fiue, T] the if-test never triggers;

repeating the argument above gives

T

PUAGH - fi(xD) | G

t=last

E < 3Bj-.

Summation and conclusion. There are at most M < K between-switch intervals plus the terminal

tail, so on Q¢(o,1>,

T
DURGESP) - fi(x)) < 3(K+1) By

=1
1
Using K = ©(log T) and By = @(T%VT3 Ylog T) (Step 2) gives

. 2 4 3
Rqsfo,l)(:r’ Vr) = O(TSVTS (IOgT)Z),

and the (measure-< 3K/T) bad-event contribution is negligible compared to this bound.

1.4 NUMERICAL STUDY

We illustrate the upper bounds on the regret by numerical experiments measuring the av-
erage regret that is incurred in the presence of various patterns of changing costs, and under
different feedback structures and noise. We compare the performance of the Adaptive SGD with
First-Order Feedback (ASGD 1) and Adaptive SGD with Hybrid Feedback (ASGD 2) against the
performance achieved by applying the ordinary SGD, Restarting SGD algorithm with correctly

specified environment variation v and with wrongly specified v. We note that direct implemen-
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tation of the original ASGD 1 and ASGD 2 can barely trigger the conditions about v updating, so
instead we introduce a tunable multiplicative factor c;p, to rescale the trigger condition thresh-

olds. More details are presented in the following.

VARIATION, FEEDBACK, AND PERFORMANCE
All experiments are carried out on the quadratic family

2
fi(x) = %—btxﬂ, x e X :=[-22],

so that the instantaneous minimizer is x; = b;, Vfi(x) = x — b;, and § = % The drift sequence
{b:}1_, is generated according to two non-stationary patterns that realise a prescribed variation
budget V = GD*T" for a chosen exponent v € (0, 1], where G is the upper bound for gradient and
D is the diameter of decision space. In this section, we would fix T = 10,000 and v; = 0.11, v, =

0.22, ..., v = 0.99.

1. SMOOTH POWER-LAW DRIFT. For given diameter D > 0 and exponent v we set

Dv
tl—v

|bt - bt—1| =

(t>2),

starting at b; = 2 and flipping direction whenever the path would cross the bounds [-2, 2]. The

cumulative variation satisfies Zthz |b;—b;_1| = D*T" and Zthz maxyex | fi(x)—fi—1(x)| = DG*T".

2. PIECEWISE-CONSTANT JUMPS. Fix an inter-jump spacing S (integer). Let J := DT"/[T/S] so
that exactly [T/S] jumps of magnitude J again give total variation D T". Starting at b; = 2, every
S™ time step we add +J (sign alternates) and clip to [—2, 2]; between jumps b, stays constant. We

set S = 20 for this study.
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FEEDBACK AND NOISE. At each round an action x; € X is played, incurring cost f;(x;). Noise is

ii.d. Gaussian with standard deviations oy and oy:

610G f) = fita) + e, 9V (xn f) = VG + e, e ~ N(0, 7).
We consider three noise levels oy = o7 € {0.1, 0.3, 1}.

PERFORMANCE. For the ASGD 1 and ASGD 2, we set y = 1. Given a policy 7, feedback type ¢,

horizon T and drift path by.7, the dynamic regret is

T

RI(AT) = Y (filx) = fitx).

t=1

We denote the loss relative to the oracle:

RE(f.T)
A

DD

LZ(AT) =

1.4.1 LimMITATION OF ASGD: TOO CONSERVATIVE THRESHOLDS

The original trigger rules in Algorithms 1 and 2 require the left-hand statistics

t—1 -1
(First-order) » ||t = #/|%,  (Eybrid) Y [6© G, £) - ¢ G f)]

S=tif s=lir

to exceed an upper-confidence bound of the generic form x;, = GD 75 (For simplicity, the
true thresholds can only be larger than this x,). These bounds are derived from worst-case OCO
regret bound, as well time—uniform martingale inequalities; hence they are intentionally pes-
simistic. In moderate horizons and with realistic noise levels the accumulated empirical discrep-

ancies stay far below kg, so the algorithm never promotes its variation index k.
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To make this gap visible we ran ASGD 1 (first-order trigger) and ASGD 2 (hybrid trigger) with
the initial index fixed at v = 0.11 and recorded, for every competing index v, € {0.22,0.33,...,0.99},
L lsl =52 L0 G £) - 9O, f)

ratio 1y = , ratiozg =
Kg Kg

and we report their maxima over g. Table 1.1 displays the results for the two drift patterns and

three noise levels. Each table entry is written as (v®*

g ratio): the index vy that attains the maxi-

mum and the value of the maximum (in %).!

Table 1.1: Maximum trigger-condition ratios for different variation patterns and noise levels.

Smooth power-law drift ‘ Piecewise—constant jumps

o 0.1 0.3 1.0 | 0.1 0.3 1.0
TO.ZZ

max(ratiol;) (0.55, 0.093) (0.8, 0.286) (0.88, 2.429) | (0.55, 0.081) (0.8, 0.277) (0.88, 2.418)
g
max(ratio2y) (0.33, 0.094) (0.55, 0.175) (0.77, 1.454) | (0.33, 0.070) (0.77, 0.157) (0.77, 1.451)
g

TO.33
max(ratioly) (0.55, 0.332) (0.55, 0.459) (0.88, 2.540) | (0.55, 0.269) (0.66, 0.394) (0.88, 2.510)
g

max(ratio2y) (0.33, 0.382) (0.33, 0.395) (0.77, 1.474) | (0.33, 0.306) (0.33, 0.290) (0.7, 1.454)
g

Across every scenario we tested—even the most adverse setting with 0y = 07 = 1.0 and a
genuine variation exponent of v = 0.33—the empirical sums never came close to their theoretical
ceilings: the first-order statistic topped out at roughly 2.5% of x; and its hybrid counterpart
at about 1.5%. As expected, larger noise levels and faster environmental drift push the ratios
upward, yet they remain comfortably an order of magnitude beneath the bound. In practice the
gap widens further because the constant G must itself over-estimate the largest observed gradient;
any conservatism in that estimate inflates x, and delays switching even more.

To restore the algorithm’s ability to react, we scale the confidence bound by a user-chosen
factor c;,, € (0, 1] and replace every occurrence of trigger condition thresholds with ¢;4,x,. Exten-

sive experiments (Section 1.4.2) indicate that setting c;;, between 0.05 and 0.2 brings the trigger

1All experiments use T = 10000, y = 1, and the noise levels oy = o7 € {0.1,0.3,1.0}.
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frequency back to a sensible range without sacrificing the regret guarantees derived in the noisier

regimes.

1.4.2 PrACTICAL IMPLEMENTATION OF ASGD: TUNING THE TRIGGER SCALE Cp;

To quantify how the multiplicative scale on the switching threshold affects performance, we

focus on a single representative scenario:
T =10,000, piecewise—constant jumps, v =0.33, oo = 07 = 0.3.

Three non-adaptive baselines anchor the comparison:

(i) ordinary OGD without restarts; (ii) Restarted OGD with a misspecified variation exponent
(v = 0.66); (iii) Restarted OGD with the true exponent (v = 0.33), which represents the oracle
strategy that ASGD should ideally match.

Table 1.2 reports the relative loss Lg (f, T) and the (rounded) switch times produced by ASGD 1
as the scale c;p, is varied (in %).

Table 1.2: Effect of threshold scale on ASGD 1 for v = 0.33, piecewise—constant drift, o = 0.3.

Method Lg (f,T) Mean switch points

OGD (no restarts) 0.633 —
Restarted OGD, wrong v = 0.66 0.031 —
Restarted OGD, correct v = 0.33 0.021 —

ASGD 1, ¢4 = 0.50 0.0311 []

ASGD 1, ¢4 = 0.20 0.0272 [ 4694 ]

ASGD 1, ¢4 = 0.105 0.0238 [ 2035, 5741 |

ASGD 1, ¢ = 0.040 0.0245 [ 278, 1729, 3467, 5644, 8600 |

When the scale is left at x,;’s value (c;s = 1; not shown) or even halved (c;,, = 0.5), ASGD
never fires and simply mimics the misspecified restarted OGD, incurring a loss of 3.11% relative

to the oracle. Reducing the threshold by a factor of five (c;, = 0.2) allows a single switch around
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t ~ 4.7x10%; this already trims the loss by roughly 12.5%. The best performance in this grid arises
at c;pr = 0.10: two well-timed switches bring the regret within 13% of the oracle benchmark.
Pushing ¢y, lower still (0.04) triggers five resets; the extra variance from excessive restarts starts
to outweigh bias reduction and the loss drifts upward again.

Overall, the experiment confirms the qualitative bias-variance trade-off: large thresholds
under-react to drift, small thresholds over-react to noise. In this setting, scaling the theoretical
bound by ¢, € [0.05,0.15] is sufficient to recover nearly oracle performance without hand-

tuning to the true v.

SENSITIVITY TO VARIATION INTENSITY AND NOISE LEVEL  Table 1.3 extends the tuning experiment
to (i) two variation exponents, v € {0.22,0.33}, and (ii) three noise levels oy = oy € {0.1,0.3,1.0}.
For each configuration we report

(a) ordinary OGD, (b) restarted OGD with misspecified exponent (over estimated v), (c) restarted
OGD with the true exponent, (d) ASGD 1 with the theoretical (non-firing) threshold, (¢) ASGD 1
and ASGD 2 with a data-driven scale c;p,. The table lists (cspy, Lg (f,T)); the scale that minimizes
the loss over a dense grid c¢;4, € [0.02,2] (in %). Note that theoretical ASGD 2 is omitted—it
coincides with ASGD 1 when the trigger never fires.

When the drift is mild (v = 0.22) the theoretical ASGD never leaves its most aggressive track
v1 = 0.11. Because the resulting bias is already negligible, adjusting the threshold pays off only
marginally: the best-tuned scale reduces the loss by at most one part in a thousand. In this low-
variation regime the preferred c;;, clusters around 0.1 and is virtually insensitive to the level of
observation noise.

The situation is markedly different at v = 0.33. Here a single well-timed switch can halve the
bias, so lowering c;p, cuts the loss of ASGD 1 by 22%. The hybrid version ASGD 2, which relies on
cost differences rather than decision distances, tracks the oracle a little more closely, especially

for the practical noise levels o = 0.1 and 0.3.
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Table 1.3: Relative loss L;f(f, T) for piecewise—constant jumps. Each ASGD entry shows (c* ,loss).

*
thr’

Piecewise—constant jumps

o 0.1 0.3 1.0

Vp = 7022

OGD 0.138 0.137 0.143
Restarted OGD, wrong 0.006 0.021 0.195
Restarted OGD, correct 0.006 0.012 0.073
ASGD 1 (theo) 0.008 0.012 0.055
ASGD 1 (cuy) (0.04, 0.007)  (0.14, 0.012) (1.2, 0.064)
ASGD 2 (cihy) (0.04, 0.007)  (0.10, 0.012) (1.0, 0.061)
Vp = T033

OGD 0.634 0.633 0.636
Restarted OGD, wrong 0.032 0.031 0.204
Restarted OGD, correct 0.013 0.021 0.109
ASGD 1 (theo) 0.028 0.031 0.076
ASGD 1 (¢;py) (0.04, 0.014) (0.105, 0.024) (0.8, 0.087)
ASGD 2 (¢;hy) (0.03, 0.014)  (0.065, 0.023) (0.7, 0.081)

Optimal thresholds depend systematically on noise. The scale that minimizes regret grows
from about 0.04 at ¢ = 0.1 through 0.1-0.14 at ¢ = 0.3 and reaches 1 when ¢ = 1. Yet, for
any fixed o the same c;;, works well across both variation levels studied, showing that one pilot
calibration is sufficient for a broad range of environments.

Overall, reducing the theoretical bound with ¢;, € [0.05,0.15] when ¢ < 0.3—is enough for
ASGD 1 and ASGD 2 to approach the oracle performance. Under heavy noise larger thresholds,

and thus fewer switches, are preferable, echoing the bias—-variance discussion in Section 1.4.1.
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2 CHAPTER 2: EXTENSION TO

Lp,q-VARIATION MEASURE

2.1 INTRODUCTION

We consider a non-stationary sequential optimization problem where the loss (cost) functions
fi(x) change over time. In this setting, it is natural to measure the magnitude of change of the
environment by a variation budget. In particular, we follow the framework of [Chen et al. 2019b]
defining an L, 4-variation of the function sequence to quantify both spatial and temporal changes.
Our focus is on first-order (gradient) feedback in a smooth, strongly convex setting. We design
an adaptive stochastic gradient descent (SGD) algorithm that does not know the true variation
rate in advance. Our main result (Theorem 2.1 below) shows that this algorithm achieves a regret

of order

aprd 2P
O(Ter V77 (1og T)*/2),

where V7 is the total L, ;-variation budget. In the limit p — oo, this recovers the o(1% 3VT1 3 log3/ 2T)
rate , consistent with the classic bounded-variation (p = o0) case. Our bound is to be compared
with the result of Chen et al. (2019) for noisy-gradient feedback, who showed an O( TVTZ‘O [ (4p+d) logT)
regret under strong convexity . Thus we obtain a comparable bound, up to logarithmic factors,

via our adaptive SGD scheme under the L, ;-variation model.
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2.2 PROBLEM SETTING

Let X ¢ R? be a compact convex domain of finite volume. At each time t = 1,2,...,T, the
learner selects an action x; € X and incurs loss f;(x;), where f; : X — R is a convex, smooth, and
strongly convex cost function (unknown to the learner in advance). We assume an adversarial
setting where the sequence fj, ..., fr may change over time, but the total amount of change is
controlled. Following the notation in Chen et al. (2019), we adopt the volume-normalized L,

norm for any measurable f : X — R:

1/p
(st e fCowdx) ", 1<p <o
Il =

sup,ex [f ()1, = oo,

Here vol(X) is finite since X is compact. For a sequence of functions f = (fi, ..., fr), Chen et al.

define the L, 4-variation as:

1§ T-1 g\
(FE i = £15) 7 1<q <o
Var,q(f) =

SUP;1<t<T-1 Il fe+1 —ft”p, q = 0.

Intuitively, Var, ,(f) measures how much the functions change in both the domain (through the
L, norm) and over time (through the £, norm of differences). In this chapter we specialize to

q = 1, so that

T-1
Var,1(f) = %Z | fesr = fellp-
=1

We assume a total variation budget of the form

T-1
Ve = lfort = fillp = Fonax - T
=1
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for some exponent 0 < v < 1, with Fyax := sup, |fi(x)|. Equivalently we set Ur = V¢/T =

FoaxTV7L, so that Var, 1(f) < Ur. Define the function class

Fpa(Ur) ={f = (fi..... fr) : Varp1(f) < Ur}.

This captures all loss sequences whose average per-step L, change is at most Ur. Under this
constraint (with v < 1), sub-linear regret is achievable. In summary, we consider online convex

optimization with strongly convex costs, noisy gradient feedback gbt(l), and the assumption that

f € Fpa(Ur).

2.3 ALGORITHM DESCRIPTION

Our algorithm is an adaptive variant of SGD that does not know the variation exponent v a
priori. We create a grid of hypothetical exponents {vk}l;f=1 with vy = k/logT, fork = 1,...,K,
where K is chosen so that vk_; < 1 < vg. Each hypothesis k corresponds to an assumed varia-
tion level Uf = FuaxT" ! (equivalently VTk = Fmax - T'%) and a window size A’;. The algorithm

maintains K parallel SGD instances (“hypothetical actions”) {%/ }l;:l. Each instance g uses a step

yD
N

time ¢, we update each hypothetical iterate by gradient descent:

size 17? = where D bounds the diameter of X and G bounds the gradient norm. At each

A~ A 1 A
xtg = xtg_1 - r]? ¢t(_)1(xtg_1:ft—l): g=1.. K,

where ¢>t(i)1( fi—1) denotes the (noisy) gradient of f;_;. We maintain an index k which indicates
the current guessed variation level. After each update, we perform a “testing” step: we check if

for some g > k, the cumulative squared difference between the k-th and g-th trajectories exceeds
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a threshold. Concretely, if

K 5 2pgrapHd 1 22y 1
DU =22 > 2T o (4GD 1ogT+5(§+y)GD+anax)(—s,

for some g > k (with parameters chosen as in Alg. 3), then we increase k < k+1 and reset tjf « t.
Intuitively, this test detects when the true variation seems larger than the current hypothesis: if
the k-th SGD iterate drifts too far from a higher-variation hypothesis g, we switch to assume a
larger v. Finally, after the update and possible switch, we play the action x; = ¥ and observe its
loss f;(x;). Algorithm 3 summarizes the procedure.

This multi-hypothesis scheme is inspired by the idea of meta-algorithms for unknown vari-
ation: by running parallel learners for different v and monitoring their divergence, we automat-
ically adapt to the true variation without knowing it in advance. The careful choice of thresh-
old ensures that once k exceeds the true underlying variation exponent, further switches will
be unlikely (see analysis). The algorithm incurs only polylogarithmic overhead from managing
multiple sequences.

With the algorithm defined, we now state the main regret guarantee, which parallels Theorem
3.1 of Chen et al. (2019) for the L, ;-variation model. Let RZ o (T, Ur) denote the worst-case regret

of policy 7 under first-order feedback and variation Ur. We show:

Theorem 2.1. Suppose the cost functions are smooth and strongly convex (as per Assumptions (A1)-

(A5) of Chen et al. (2019)), and the algorithm receives noisy gradient feedback ¢, = t(l). Then

Algorithm 3 (denoted ms) guarantees

2p 4p+d
6p+d

optd _2p_
K2, 100 = ofr U o) = ofr v g

for any variation class 7,1 (Ur). In other words, the dynamic regret scales as O (T (4P*d)/(6p+d) Vﬁp/(6p+d) log®?T).

Note that when p — oo, we recover the exponent 2p/(6p + d) — 1/3, yielding a bound
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Algorithm 3 Adaptive SGD with First-Order Feedback

1: Input: hypothetical variation parameters {v, : 1 < g < K}, hypothetical window sizes
{A? :g=1,2,...,K}, upper bound G, diameter D, tuning parameter y

2: Initialization: Set k = 1, tjf = 1, arbitrarily set x; € 2" and ﬁf € X foreachg € {1,2,...,K}.

3: fort=1to T do

4: if t > 2 then

5: if for someg € {k+ 1L,k+2,...,K},
-1 2pvg+ip+d 11 2 1
2 I = &I = 2T (4GDlog T + (0 +1)GD + Fiiil) 5
s=ti )

6 then k «— k+1and t; « t.

7: end if

8 forg=1to K do

9 Observe the gradient at the g-th hypothetlcal action Gt(xt D= g{)(l) x5 fi-1);

10: Compute the g-th hypothetical step size 7. = L,

11: Update the g-th hypothetical action %/ = J%f_l - 17? . Gt(ﬁtg_l);
12: end for

13: end if

14: Choose the k-th hypothetical action x; = £F and incur the loss C,(£F) := (0) (%K, f).
15: end for
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o(T1? 3VT1 /3 (log T)3/?), which matches the known L., ;-variation result. This is consistent with the
special case result of Besbes et al. (2015) as recovered by Chen et al.. (For finite p, our exponent
(4p+d)/(6p+d) is larger than 1/2, indicating a dependence on the domain dimension; this “curse

of dimensionality” is noted in [Chen et al.] for p < c0.)

2.4 REGRET ANALYSIS

As preparations, we state the following result established in Lemma 4.3, [Chen et al. 2019b].

Lemma 2.2. [Lemma 4.3, [Chen et al. 2019b]] Withr = %, suppose

maXJlBg| <Ar+1, 1<g<oo, and Vary,(f)<Ur.
1<t<

Then

be-y

\ r L o ror
SO — i) < A, 7y A Ta U,

=1 t:Q‘,

Proof of Theorem 2.1. Compared with the proof of Theorem 1.2, the major changes lie in the
analysis of Step 1, which we elaborate as follows.

We Similar to equation (1.3), for each for each g = k*,k* +1,...,Kand j = 1,2,..., [T/A?'l,
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we start from the following decomposition:

—_—
=
=2

2>
-+
N
|
=
=
=
SN—

T
ant—xtnz 5
A S e )

@: regret relative to batch j’s single best action
1 [T/A7]
+5 (mm Z fi(w) — Z fi(x)) ) (2.1)

j=1 t€Tyj

@: regret due to functional changes

For the first term, we still have the following high-probability event as (1.4): with probability

at least 1 — |'T/A 16>1-1/T,

GD\/7 (4 logT+ +y) (2.2)

[T/A7]
2, (> fiah) - min ) fiw)) <

t€7g, €7,

By applying ineuqality (16) and Lemma 2.2 to the second term (2.1), we have the following in-

equality:
[T/A7] Iz
Z m1n Z fi(w) — Z fi(xf) | < ((—g) (ML) T (UL
j=1 te 0. teTy,;

_ 4 _4p(yg-1)
By setting A, := (T¥o1)=r/(r+3) = (T%~1) % = T~ %+ to balance the two terms in the above

inequalities, we obtain the following high-probability event:

1

_2p
lext—xtllzd (U}) #1 (4D Vlog T + (= L +1GD + i)

2pvg+ap+d +4p+d

1
=T oprd (4GD logT + 5(— + }/)GD Frfqp;;)g
Y e
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With the above inequality, the subsequent analysis in Steps 2 and 3 is similar to those in the proof

of Theorem 1.2. We omit the details here. O
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3 CHAPTER 3: APPLICATION TO INVENTORY

PROBLEM

3.1 INTRODUCTION

Modern supply chains operate in environments where demand can fluctuate unpredictably
due to seasonality, marketing campaigns, macro-economic shifts, or rapid changes in consumer
preferences. For a firm managing inventory, failing to account for such non-stationarity can lead
to chronic overstocking or frequent stockouts—both costly outcomes. Consequently, there is a
pressing need for data-driven inventory policies that (i) learn demand patterns as they evolve, (ii)
respond swiftly to distributional shifts, and (iii) remain robust even when the extent and timing

of those shifts are unknown.

Motivation. Traditional models often assume demand is independent and identically distributed
over time. While analytically convenient, this assumption rarely holds in practice and can severely
degrade performance when demand drifts. A principled way to capture non-stationarity is to
bound the total variation of demand distributions over a planning horizon. In this work we mea-
sure variation via the Wasserstein distance, which provides an intuitive, geometry-aware metric
for how much successive demand distributions differ. Crucially, we do not assume the decision
maker knows the magnitude of this variation budget in advance. The challenge, therefore, is to

design an online algorithm that adapts automatically—achieving strong performance in tranquil
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periods yet remaining agile when demand becomes volatile. In the remainder of this section,
we first summarize our main results and contributions, and present a brief literature review in

Section 3.1.2.

3.1.1 MaAIN REsurTs AND CONTRIBUTIONS.

We develop an Adaptive Stochastic Gradient Descent (ASGD) policy for a single non-perishable
product over a finite horizon of T periods, and later extend it to a multi-product system with a

shared capacity constraint. Our key findings are:

(i) Algorithmic innovation. ASGD blends classical stochastic gradient steps with a data-driven
restarting rule that automatically calibrates its learning rate to the (unknown) pace of demand

change. No prior tuning for the variation budget is required.

(ii) Regret guarantee. Without any knowledge of the true budget By = O(T"), ASGD attains a
worst-case regret of 5(T2L3V) against a clairvoyant policy that foresees every demand realiza-
tion. The bound is sublinear in T for every v < 1, proving that per-period regret vanishes

asymptotically even under polynomially growing non-stationarity.

3.1.2 LITERATURE REVIEW

There is a large body of literature in the area of data-driven inventory control that develop
online learning algorithms for inventory models with i.i.d. demand distribution. Earlier studies
analyze the repetitive newsvendor problem (see, e.g., Huh and Rusmevichientong 2009, Huh et al.
2011, Besbes and Muharremoglu 2013, Levi et al. 2007, Levi et al. 2015). Later more complicated
systems are studied, e.g., lost-sales inventory systems with lead times (Huh et al. 2009, Zhang et al.
2020, Agrawal and Jia 2019), perishable inventory system (Zhang et al. 2018), inventory system
with random capacity (Chen et al. 2020b), inventory system with fixed ordering cost (Yuan et al.

2021), and joint pricing and inventory system (Chen et al. 2019a, Chen et al. 2021, Chen et al.
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Table 3.1: Comparison with Literature on Online Learning for Inventory Models with Non-stationary
Demands

(For papers studying both settings without and with inventory carryover, we only list the results for the
latter.)

Literat Single Multiple | Inventory | Censored | Changesin Assumption of Regret
iterature
Product | Products | Carryover | Demand | Distribution Non-stationarity Upper Bound
Unk iati ey
[Cheung et al. 2019b] v v X v HenoWR vaTiation O(T% )
budget TV
Unk .
[Chen 2021] v v v v renown O(T?)
change-points’
. Known variation Y
[Keskin et al. 2021] v X X X o(Tz)
budget T"
o v v x . o(T?)
[Gong and Simchi-Levi 2021] 4 Cyclic demand . s
v/ v X O(T?e)
) Unknown o(T 5 )3
[Keskin et al. 2022] v v X X .1
change-points? O(Tz)*
Unknown variation - 3iw
[An et al. 2025] v X X X o(T™™)
budget TV
) Unknown variation L 24w
This paper v v X v o(T™™)
budget TV
) Unknown variation - oew
This paper v 4 X v o(T™™)
budget TV

[1] The paper also assumes that there are at most O(log T) changes of demand distributions;
[2] The paper also assumes that there is a minimum shift each time in the changes;

[3] This bound is proven under the non-parametric setting;
[4] This bound is proven under the parametric setting.

2020a, Chen et al. 2022). Among these works, the stochastic gradient descent method has been
adopted by many papers, e.g., [Huh and Rusmevichientong 2009]. In particular, [Shi et al. 2016]
considering a multi-product inventory control problem under a warehouse-capacity constraint
is the study most related to this project. The authors develop a learning algorithm based on SGD
method and prove the regret upper bound O(VT). The major difference of this paper compared
to [Shi et al. 2016] is that they assume demand distributions are i.i.d. whereas we consider a
non-stationary environment.

There are also a growing body of literature going beyond the i.i.d. assumption to study data-
driven inventory models with non-stationary demands. [Chen 2021] considers an inventory con-

trol problem in a shifting demand environment with the number of changes in demand distribu-
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tions at most O(log T). The author proves a regret lower bound Q(VT) and construct a learning
algorithm with regret upper bound O(VT). [Keskin et al. 2022] study a joint pricing and inven-
tory problem for a perishable product, and construct algorithms for both the settings with non-
parametric and parametric noise distributions, with the regret upper bound O(T??) and O(T/?)
respectively. [Keskin et al. 2021] study a repetitive newsvendor problem with a time-varying
mean demand level. The authors design a moving window ordering policy and prove the re-
gret upper bound O(VT) under constant variation budget and O(T(1**)/2) under O(T?) variation
budget. [Cheung et al. 2019b] study the non-stationary reinforcement learning with a single-
product lost-sales inventory model as an application. [Gong and Simchi-Levi 2021] apply the
Q-learning technique to analyze inventory models with unknown cyclic demands and study the
single-product lost-sales model with zero lead time and multi-product backlogging model with
positive lead times. [Ding et al. 2021] consider a stochastic inventory system where demand dis-
tributions are feature-dependent and thus non-stationary. They design two algorithms based on
SGD and prove the regret upper bound OVT) for both algorithms. [An et al. 2025] study XXXX

Among these studies, [Chen 2021], [Cheung et al. 2019b], [Gong and Simchi-Levi 2021] (in
their first model), and [Ding et al. 2021] assume censored demand, whereas [Keskin et al. 2022],
[Keskin et al. 2021] and [Gong and Simchi-Levi 2021] (in their second model) assume full demand
observations. Except [Gong and Simchi-Levi 2021] (in their second model), all papers focus on
single product problems. The paper is the first one that considers multi-product inventory control

in a non-stationary environment.
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3.2 MOoDEL FORMULATION

3.2.1 NOTATION

Throughout this paper, R} denotes the set of n-dimensional non-negative vectors. For x =
(x1,...,xp) and y = (y1,...,ym) € R™, we write x > y if and only if x; > y; for every i € [m],
where [n]:={1,...,n}. For any compact set X C R" and x € R", let Projy(x) :=argminycx ||y —

x||§ be the Euclidean projection of x onto X.

3.2.2 SINGLE-PrRODUCT INVENTORY SYSTEM

We investigate a finite-horizon stochastic inventory problem for a single, non-perishable prod-
uct over T periods. Demand in period t € [T] is an independent random variable D; with (possibly
distinct) cumulative distribution function (c.d.f.) F;(-). The sequence {Ft}tT:1 may evolve arbitrar-

ily over time; precise notions of non-stationarity are introduced in Section 3.2.3.

TIMING WITHIN EACH PERIOD. Forevery t =1,...,T the following events occur:

(i) Review. The firm observes the on-hand inventory x; € R, at the start of period t. We set

x1 = 0 without loss of generality.

(ii) Replenishment. An order quantity ¢; € R, is placed and received instantaneously, yielding

post-order inventory y; = x; + q;.

(iii) Demand realization. Demand D; is revealed and met up to the available stock y;. Unsatisfied
demand is lost.! We assume full demand observation, consistent with Keskin et al. [2021],

Keskin et al. [2022], and others.

!0ur results also hold under backlogging with zero lead time.

46



(iv) Cost and carry-over. Surplus inventory incurs holding cost h per unit, while lost sales incur

shortage cost b per unit. Remaining inventory is carried into the next period, i.e.,
+
Xt+1 = (yt - Dt) .

SINGLE-PERIOD cOsT. Let C(y,D) := h(y—D)"+b (D —y)" be the cost when inventory is y and

realized demand is D. Define the expected cost in period t under inventory level y by

Ci(y) = Ep,~r,[C(y,Dy)].

INFORMATION STRUCTURE AND POLICIES. At the start of period ¢, the decision maker observes

the history

Ht = (X1, QLDI; ces X1, Qt—l,Dt—l,xt)-

An admissible policy r is a sequence of measurable maps {nt}thl with 7; : Hy = qF € Ry. Let IT

be the set of all such policies. Given 7 € II, the total expected cost over the horizon equals

T

8> cyr.)| = B h(yr-D) +b(Di-47)"|

t=1 t=1

where expectations are taken with respect to all randomness up to T. The firm’s objective is to

choose 7 € II minimizing this quantity.

3.2.3 NON-STATIONARY DEMAND AND THE VARIATION BUDGET

Demand distributions may drift over time. We measure this evolution by the temporal varia-
tion

T
TV(Fyr) = Z W(Ft> Ft—l),

t=2
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where W is the 1-Wasserstein distance: for any c.d.f’s g and v,

W(v) = inf Exy|IX-Yl]
yel (pv)

and I'(y, v) is the set of couplings of (, v). The Wasserstein metric is widely used in distributionally-
robust optimization and captures the “transport cost” of moving mass from one distribution to

another.

VARIATION BUDGET. Fix Br > 0 (possibly growing with T) and define the uncertainty set
V(T,Br) = {Fir: TV(Fir) < Br}.

We assume By = M-T" for some v € [0, 1] but stress that its exact value is unknown to the decision

maker, where M is the upper bound for order-up-to level (introduced later in Assumption 3).

WHY WASSERSTEIN? Compared with ¢# distances, the Wasserstein metric (i) aligns with the
economic intuition of transporting demand “mass” and (ii) is sensitive to the geometry of the
distributions, making it well suited for inventory settings. All results extend to other metrics; we

focus on Wasserstein for concreteness.

Lemma 3.1. Forany1<t; <t; < T,

t2
sup| Cy, (y) = C1, (y)| < max(h,b) > W(F,Fiy).

y=>0 t=t+1

Lemma 3.1 shows that larger cumulative distributional change translates directly into greater
divergence between single-period cost functions. Its proof (Appendix B) relies on the closed-
form expression of the one-dimensional Wasserstein distance together with the piecewise-linear

structure of the holding-shortage cost.
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3.2.4 WORST-CASE REGRET

Let 7* denote the clairvoyant policy that knows the entire sequence of demand distributions
{F;}I_, in advance and solves the corresponding dynamic program. For any admissible policy

m € 11, its (instance-dependent) regret is
R'(T.Fir) = B| L, (Cu7. Do) - Oy D)) |.

where the expectation is over all randomness up to period T. The worst-case regret under an

unknown variation budget is

R™(T,Br) ==  sup R*(T,Fyr),
Fl;TE(V(T,BT)

with V (T, Br) defined in (??). Our goal is to design a policy 7 that keeps R* (T, Br) as small as

possible—even though the exact magnitude of Br is unknown to the firm.

STANDING ASSUMPTIONS

Let q; := argmin,( C;(y) be the myopic newsvendor solution in period ¢.

Assumption 3. (i) Bounded order-up-to level. There exists a known constant M > 0 such that

q; € [0,M] forallt € [T].

(i) Bounded demand moments. There are constants D,D > 0 with minse[7) E[D;] > D and

max;cr] E[D/] < D.

Assumption 3 (i) is standard in data-driven inventory control and can be enforced by selecting
a sufficiently large M. Condition (ii) imposes mild moment bounds satisfied by most light-tailed

demand models and is needed only for concentration arguments in the regret analysis.
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3.3 ALGORITHM DESCRIPTION

We now address the single—product inventory problem under the non-stationary demand

model of Section 3.2. Before detailing the learning algorithm we outline the key design challenges.

3.3.1 DEesioGN CHALLENGES

(1) UNKNOWN CHANGE POINTS AND SHIFT MAGNITUDES. Demand distributions may alter at arbi-
trary times and by arbitrary amounts. Because the timing and size of each shift are unobservable

ex-ante, any policy must detect and react to changes purely from cost feedback.

(11) UNKNOWN VARIATION BUDGET Br. Although the total variation satisfies Br = O(T") for
some v € [0, 1], the firm does not know v a priori. Thus the policy must perform well simultane-

ously across a continuum of possible non-stationarity levels.

3.3.2 AbpaprTIiVE SGD PoLicy

To hedge against the unknown v, we consider a geometric grid

(V:{Vk:VkZ k=l,...,K},

_k_
logT°

where K is the smallest index with vg_; < 1 < vg. At each time t the algorithm assumes some

candidate v € V is correct and sets the SGD step size

k YM -
’7t = - 3 s
max{h, b}

where M is a known upper bound on inventory and y > 0 is a tuning constant. If the cumulative

squared deviation between the current iterate and that of a more reactive grid point vy (> vx)
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exceeds a carefully chosen threshold, the algorithm “switches” to v,. Full pseudocode appears in

Algorithm 4.

Algorithm 4 Adaptive Stochastic Gradient Descent (ASGD) Algorithm

1: Input: candidate variation parameters {v, : 1 < g < K}, candidate step sizes {77% 1 g =
1,2,...,K}, inventory upper bound M, cost parameters h and b, tuning parameter y > 0.

2: Initialization: Setk =1, t;y = 1, §; = 0 and gﬂ =0foreachge {1,2,...,K}.

3: fort=1to T do

4: if t > 2 then

5: if for someg € {k+ 1,k +2,...,K},

t—1
2+,
> (3. D) - C(#. D) = T [4max{h, b}M +2(Co/log T + cl)] + 4C; 2T log(T?),

Szfif

6: then k «— k+1and t; « t.
7: for g =k to K do
8 Compute the g-th candidate gradient G;_, (f/f_l):
) h, ifj? > Dy,
Gea(3].,) = Yo
—b, otherwise.
9: Compute the g-th candidate target order-up-to level §:
ﬁ? = f/f_l - U?th(ﬁf_l)o
10: end for
11: end if
12: Implement the k-th target order-up-to level and raise the inventory to y, = max{g¥, x;}.
13: Observe demand D; and update the inventory level x;4; = (y; — D;)*.
14: end for

Theorem 3.2. Fix any horizon T > 1 and variation budget Br = O(T") with unknown v € [0, 1].

Under Assumptions 3, Algorithm 4 achieves
2tv 3
R*(T,Br) < CT 3 log?T,
for some constant C depending only on h, b, 8, y, M.
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Rate optimality. The leading term T(>*)/3 matches the lower bounds known for non-stationary
stochastic optimization with unknown variation (cf. Besbes et al. 2015). Thus ASGD is near-

minimax up to logarithmic factors.

Adaptivity. By monitoring the squared gap between candidate trajectories, the algorithm auto-
matically tightens its step size when demand proves volatile and relaxes when the environment
is stable—without ever estimating v explicitly.

Efficiency. Each iteration uses only the sign of the inventory error (via the gradient), requires

O(K) book-keeping, and performs a single projection, making the method scalable in practice.

Generality. The grid-based restart scheme extends seamlessly to other convex cost structures and,
as shown later, to a multi-product system with a capacity constraint while preserving the same

regret order.

3.4 ANALYSIS OF REGRET BOUND

We first notice the following upper bound on the regret of ASGD algorithm:

RASGD (T, Br, F1:T) = E[ (C(y?SGD, Dt) - C(yf*, Dt))]

e

<E|Y (c(u. D)) - Clg; D)
t=1
T T
=B| Y (C@5) - Cula)) ) | +E| Y (G - Cu (5P )], (3.)
t=1 t=1
Regret due to non-stationary SGD Regret due to inventory carry-over

where the inequality holds because for each period t € [T], the minimum possible expected
cost incurred by any policy, including the true optimal policy 7*, is at least the newsvendor cost
minyso E[C(y, D;)], which, from the definition of g;, equals E[C(q;}, D;)]. Therefore, it suffices

to bound the two terms in the RHS of (4.1). We establish the upper bounds on these two terms
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for the ASGD algorithm in the following two propositions. Combining these two propositions

with (4.1), we complete the proof of Theorem 3.2.

Proposition 3.3 (Regret due to Non-stationary SGD). Under Assumption 3 (i),

T

> (C@sP) - cign)

t=1

E =0

2+v 3
T3 log? T).

Proposition 3.4 (Regret due to Inventory Carryover). Under Assumption 3 (i) and (ii),

T
8| 3 (e - o) | - ofr ¥ )
t=1
3.4.1 SKETCHED PROOF OF PROPOSITION 3.3.
We begin by defining a discrete set of candidate variation parameters V = {vy,..., vk} as

before, and at each period t, the policy assumes a variation parameter vy € V and sets the

corresponding Online Gradient Descent (OGD) step size:

YyM

77]; = — for some y > 0.

max{h, b} - T3

Consider a realization path of demands {Dy, D5, ..., Dy, .. .}. The constrained target inventory
levels for each candidate v, are denoted by {{* thl.

We observe that K = O(log T). Define k* as the smallest index in {1,. .., K} such that v < v-.
Given the relation vi« = vjr_1 + @, it follows that v < v« < v+ @. Consequently, TV < T <
eT", implying that T"" is within a constant factor of T". Therefore, it is sufficient to bound the

total regret by
24V 3
) (T 3 log? T) .

To establish this, we first demonstrate that (with high probability) throughout the algorithm,
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the running index k never exceeds k*. To illustrate this, consider the following steps:
Step 1. For every k > k*, with high probability for T time periods (refer to the high probability

proof for OGD in a later section), we have

T

> [C@k D) - Clg;. D] < 775 [z max{h, b}M + (Coy/Tog T + cl)] +2C3 2T log(2T).

t=1

We may assume that this event holds from this point onward.
Step 2. Contradiction via empirical-cost differences. Suppose, for the sake of contradiction,
that at some period t we have k > k* and the if-condition fires with some g > k. Then by the

triangle inequality

t t

t
Ylc@k Dy - c@ D) < Y'|et Dy - (g Do)| + Y'|e(@t by - cg;.Dy)|
£

s=tif s=tif s=tif

But from our high-probability bound on each “arm” j € {k, g},

T
IC@ D) - gD < T |2maxih, b}M+ (CovlogT +C) | + 2Cs 2T log(2D),

s=1

it follows that even summing only from s = #;¢ to t cannot exceed

THTV!] 4max{h,b}M + 2(Coylog T + Cl)] + 4C3 /2T log(2T),

This is exactly the threshold the if-condition would require, so no such trigger can occur when
k > k*. Hence k never surpasses k*, completing the contradiction.
Step 3. Bounding regret between successive triggers. Let ¢’ and t” be two consecutive times

when the if-condition fires. On the intervening interval ¢’ + 1 < t < t” — 1, the if-test fails even
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for g = k*, so by hypothesis

t"—1
2+ V%

> ek Dy - el D] < T |4maxih, b)M +2(Coylog T + C1) | + 4C5 V2T log (D).

t=t'+1
Now split the extra regret against the oracle g; by the triangle inequality:

t”—l tN_l t/!_l

>, [c@hpy -cgp)] < Y |e@k by -c@l.po| + Y |e@k. by - c(gi by
1

t=t'+1 t=t'+1 t=t'+

The first sum is bounded by the failed-trigger threshold above. The second sum, over at most T

periods, is bounded by the high-probability empirical-regret of trajectory k*:

T
>l . b - C(g;.D))| < T [2max{h,b}M+(Cm/logT+C1)] + 2C; 2T log(2T).
t=1

Putting these together shows that on each interval between triggers,

-1

> [C@k D) - Cg;. D] < T [6 max{h, b} +3(Coylog T + cl)] + 6C; /2T Tog(2T).

t=t’+1
By taking expectation of both sides, we have

-1

D le@h -cia)] =015 logT).

t=t'+1

Since the if-condition can fire at most K = log T times, the total interval-wise regret (ignoring
carry-over) is
2+Vk* 3
O(T73 log2T).
Step 4. Suppose that the last if condition happens at time t;,;, then the regret between time 1

and t,; is well controlled by above steps. In this step, we can upper bound the regret from time

t1ast to T similarly to step 3, and hence finish the proof for Proposition 3.3.
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3.4.2 SKETCHED PROOF OF PROPOSITION 3.4.

Due to inventory carryover, the target order-up-to level by SGD estimators may not always

ASGD

be achieved in all periods. In other words, the true inventory level y; may be strictly higher

than the target order-up-to level §A5¢P

and we refer to their difference as the overshooting. From
the Lipschitz continuity of the newsvendor cost, we have the following upper bound on the regret

due to inventory carryover:

E i(cxy{“@) Ce(°" )] < (hVb)E

t=1

i( ASGD AASGD)]. (3.2)

t=1

Therefore, it suffices to bound the expected overshooting E[Y.1_, (yAS6P — 456D)].

Similar to the analysis of Theorem 6 in [Huh and Rusmevichientong 2009], we have the fol-

lowing inequality for the overshooting:

+
ygs.ch yﬁslGD < (y?SGD _ yA,tASGD 4 hryk(t) Dt) ' (3.3)
Here, we denote ryk(t) hvb ],

we next construct an auxiliary overshooting process {W; : t > 1} to bound the original over-
shooting. Let W; = 0 and for each t > 2, define W, = (W;_; + y — D;)*. Note that W; can be
interpreted as the waiting time of the ¢-th customer in a GI/D/1 queue with the inter-arrival time
between the t-th and the (¢ — 1)-th customer being D; and the service time being constant y.
Also, let 7p = 1 and 7; = inf{s > 7;_1 : Wy = 0} for each i > 1. Further, for i > 1, we define
Ji = {t : -1 < t < 1;} as the i-th busy cycle, and define |J;| as the length of busy cycle J;. For
any s > 1, let i(s) to be the index of the busy cycle containing s, i.e. s € Jiy).

The following lemma establishes an upper bound on the total overshooting by leveraging the

auxiliary overshooting process. The proof can be found in Appendix ??.
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Lemma 3.5. The following inequality holds under any demand sample path:

Vk(s) -1

T

Me

T
Z( ASGD AASGD) y

t=1 s=1

|]1(s) |

To proceed, we also establish an upper bound on the length of each busy cycle. The proof of

Proposition 3.6 can be found from Appendix ??.

Proposition 3.6. Under Assumption 3(i) and (ii), the following inequality holds for any s € [T]:

[l]l(s)'] logs'

(D -D)*
We now bound the regret due to inventory carryover by applying Lemma 3.5 and Proposition

3.6. Note the following inequalities:

<E P(G) + TMP(G®)

ZT: (ytAscD AASGD) ‘ G

=

T
Z( ASGD AASGD)

t=1

1
T Vie(s) !
<YE| Y175 Ll | 6| B(6) + TME(GY)
s=1
Vf—l [ T
</ E| 3 Uil |6|P(6)+ TMP(G")
ve—1 [ ;
<yT5 B| ) lio | + TMP(G®)
| s=1

- 63Dy Vf‘
SG-D

63Dye!/? s
<(D_+y;)4:rzs log T + TMP(GF),

Zlogs + TMP(G®)

where the first inequality follows from y56P < M and §25P > 0, the second inequality follows
from Lemma 3.5, the third inequality follows from Lemma 1.5, the fifth inequality follows from

Proposition 3.6, and the last inequality holds because the definition of f implies T"/ < e"T" and
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v < 1. Combining the above inequality with (3.2), we complete the proof of Proposition 3.4. O

3.5 NUMERICAL STUDY

We next test ASGD 4 in the single-period newsvendor setting

C(y.D) = h(y-D)"+b(D -y,

where y € [0, ymax] is the order quantity and D is the random demand. Because the realised
cost is observed at the end of each period and the sub-gradient 9,C(y, D) € {-b, h} is trivial to

compute, the hybrid oracle is natural.

EXPERIMENTAL DESIGN

HOR1ZON AND cOST PARAMETERS. We fix T = 10,000, under- and overage costs (b, h) = (1,4),

and a capacity ymax = 9. The benchmark mean demand starts at py = 5.

NON-STATIONARY DEMAND GENERATOR. Demand evolves as D; = y; + ¢, where the mean path
{p:} is driven by a piecewise, sign-alternating random walk that expends a prescribed variation
budget ymax I” (v € {0.22,0.33}), so that the total variation Br in the cost function level is
Br = max(b, h) * ymax * T": (i) draw T — 1 i.i.d. uniform gaps, normalize and scale so the non-neg-
ative increments sum to Br; (ii) add the increments to p;—; while alternately cycling upward and
downward between 0.5 and 1.64; (iii) discard any overshoot when a boundary is hit. Indepen-

dent Gaussian shocks & ~ N (0, 0%) with o € {0.5, 1.0, 2.5} model observation noise.

POLICIES COMPARED.

« OGD: one fixed learning rate, no restarts.
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+ Restarted OGD (oracle): window size tuned to the true variation exponent v.
« ASGD 4 (theoretical): original confidence thresholds, which (as before) rarely fire.

o ASGD 4 (cyy): scaled threshold with ¢y, chosen on a dense grid [0.02, 2] to minimize the

empirical loss (one scale per o, v pair).

PERFORMANCE METRIC. Dynamic regret and the loss relative to the moving oracle are defined

exactly as in Section ??:

RI(FT)

T
RE(f.T) = ;O(yt,Dr) ~Quin D). LE(AT) = ST CrDy

REsuLTs

Table 3.2 summarises the relative losses for all methods across the six (v, o) configurations.
Each ASGD entry lists the best threshold scale and the resulting loss.

A clear noise-dependence is visible in the optimal trigger scale. For a fixed variation expo-
nent, the best cy,, grows steadily with the observation noise: when v = 0.22 the scale rises from
1.65 at 0 = 0.5 to 3.35 at 0 = 2.5; for v = 0.33 it moves from 0.60 to 1.90 over the same noise
range. Intuitively, a larger threshold is required to prevent noise-induced false switches in the
hybrid trigger when the gradients and costs are highly corrupted.

Crucially, once the scale is tuned, ASGD 4 matches the oracle restarted OGD remarkably well.
Across all six (v, o) combinations the tuned scheme reduces the theoretical ASGD loss by factors
between 0.5 and 3.5. The optimal cy,, depends far more on the noise level than on the variation
exponent, suggesting that a single calibration based on ¢ can be reused across a range of non-

stationarity profiles without noticeable performance loss.
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Table 3.2: Relative loss Lg(f, T) in the newsvendor experiment. Each ASGD line shows (ct’;n, loss).

Random walk jumps

o 0.5 1 2.5

Vp = T022

OGD 2.193 0.915 0.236
Restarted OGD, correct 0.156 0.077 0.048
ASGD 4 (theo) 0.242 0.122 0.068
ASGD 4 (cypy) (1.65, 0.221)  (2.15, 0.099)  (3.35, 0.048)
Vp = T033

OGD 2.542 0.998 0.241
Restarted OGD, correct 0.258 0.162 0.099
ASGD 4 (theo) 0.798 0.416 0.166
ASGD 4 (c;py) (0.6, 0.235) (1.2, 0.150) (1.9, 0.079)
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4 CHAPTER 4: APPLICATION TO UNIVERSAL

PORTFOLIO SELECTION

4.1 INTRODUCTION TO UNIVERSAL PORTFOLIO SELECTION

Modern financial markets can exhibit highly non-stationary behavior. Asset returns may shift
unpredictably due to regime changes, macroeconomic events, or evolving industry trends. An in-
vestment strategy that assumes stationary or i.i.d. returns can perform suboptimally when faced
with such drifting market conditions. For instance, a fixed “buy-and-hold” portfolio calibrated
to past data might suffer prolonged losses if a new sector suddenly outperforms the previously
dominant assets. This motivates the need for universal portfolio selection algorithms that (i) re-
main competitive with the best fixed portfolio in hindsight (the classical goal of Cover’s universal
portfolios), while (ii) adapting swiftly to changing return distributions over time. In particular,
we seek a data-driven investment policy that automatically detects and responds to distributional

shifts in asset returns, without prior knowledge of the extent or timing of those shifts.

Motivation. Traditional portfolio selection theory often relies on either stochastic i.i.d. market
models or worst-case static assumptions. In a stochastic setting, if asset returns are drawn i.i.d.
from a fixed distribution, one can invoke the Kelly criterion [Kelly 1956] to find a constant re-
balanced portfolio (CRP) that maximizes long-run growth; indeed, with unknown distribution,

the optimal CRP can be learned over time with vanishing per-round regret (e.g., via empirical
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estimation). However, real markets rarely remain stationary indefinitely. In contrast, in the ad-
versarial formulation in the worst case, the seminal work of Cover [1991] introduced a universal
portfolio strategy that guarantees sublinear regret of order O(nlog T) (where n is the number of
assets and T the number of trading periods) against the best fixed portfolio in hindsight.

Follow-up research produced more efficient algorithms and improved bounds. For example,
Helmbold et al. [1996] proposed the Exponentiated Gradient (EG) method for online portfolio
selection, achieving a regret of O(m) under assumptions of bounded returns.

Subsequent advances leveraged the convexity and exp-concavity of the log-loss to attain even
lower regret: Hazan et al. [2007] developed an online Newton method yielding O(log T) regret for
arbitrary sequences of strictly convex portfolio losses, matching Cover’s order but with greatly
improved computational efficiency. More recently, Hazan and Kale [2015] achieved the first guar-
antee beyond O(log T) by bounding regret in terms of market variability (specifically, O(log Q)
where Q is the quadratic variation of price relatives) Hazan and Kale [2015], and demonstrated
improved performance under stochastic geometric Brownian motion models as well.

While the literature above focuses on static benchmark portfolios, far less has addressed non-
stationary benchmarks, wherein the optimal CRP itself may shift over time. In general online
learning, competing with a time-varying comparator incurs the notion of dynamic regret, which
grows with the “variation” of the comparator sequence (e.g., the total movement of the best port-
folio between periods). Existing universal portfolio algorithms do not explicitly account for un-
known changes in the best asset allocation; indeed, their regret guarantees can deteriorate to
linear order if the market undergoes frequent or abrupt regime shifts. Some recent works have
begun exploring this direction. For example, Das et al. [2014] introduces a lazy-update online
portfolio method and obtains sublinear regret not only against the best fixed portfolio but also
against the best shifting portfolio (allowing a limited number of changes) in hindsight. However,
to our knowledge, no prior result provides a theoretical regret guarantee that scales optimally

with an arbitrary budget of non-stationarity in an adversarial market. This gap is what we aim
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to fill. In this work, we quantify market non-stationarity via a variation budget and develop an

adaptive algorithm that remains provably competitive even under polynomially growing changes

in the return distribution.

4.1.1 MaAIN RESULTS AND CONTRIBUTIONS.

We propose an Adaptive Universal Portfolio (AUP) strategy for an investor allocating wealth

across n assets over T rounds. The policy is fully online and combines mirror-descent updates

with a dynamic change-point detection mechanism. Our key contributions are as follows:

(i)

(i)

Algorithmic innovation. We design a multi-expert mirror descent scheme that simultaneously
runs K candidate portfolio strategies with different learning rates. A data-driven triggering
rule (akin to a restart mechanism) selects and switches to the appropriate expert when evi-
dence of a distributional change in asset returns emerges. This approach automatically tunes
the effective step-size to the (unknown) pace of market change, without requiring any prior

knowledge of the variation budget.

Regret guarantee. We measure performance through dynamic regret, the cumulative gap be-
tween the log-return our strategy earns on each round and the log-return of the constant-
rebalanced portfolio that, with hindsight, would have been optimal for that same round. When
the total amount of market drift up to time T is bounded by an (unknown) budget Br, we show
that the dynamic regret grows strictly slower than the horizon. More precisely, it is bounded
by a polynomial in T whose exponent depends smoothly on the unknown drift parameter v in
Br = ©(T"). Consequently, for every v < 1 the average per-period regret vanishes, so the al-
gorithm’s long-run growth rate converges to that of the period-wise best constant portfolios.
In the stationary limit the bound specialises to the classical two-thirds power of T — slower
than the logarithmic rate that exp-concave methods can attain in a perfectly stable market,

but achieved here by a single, drift-robust strategy that retains sublinear regret even when the
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(iii)

market becomes highly volatile.

Comparison with literature. To our knowledge, this is the first result on online portfolio se-
lection with unknown non-stationary returns that achieves sublinear regret with theoretical
guarantees. Table 4.1 summarizes how our setting and performance compare to prior works.
Unlike classical universal portfolio algorithms [e.g., Cover 1991; Helmbold et al. 1996; Hazan
et al. 2007] which assume a fixed comparator, our approach handles adversarially changing
markets without foreknowledge of change times or magnitudes. Compared to existing dy-
namic or specialized models (such as Das et al. 2014 who require structural assumptions like
sector group sparsity), our AUP is a general-purpose method and yields regret scaling near-

optimally in T and Br.

4.1.2 LITERATURE REVIEW

Online portfolio selection, first formalized by Cover [1991], has since developed along two

main threads: worst-case (universal) strategies and stochastic or structural models. Below we

review representative results from each category, emphasizing their regret bounds. Table 4.1

provides a high-level comparison.

Table 4.1: Selected literature on online portfolio selection (universal portfolios). Regret bounds are against
the best constant rebalanced portfolio (CRP) or a shifting sequence as noted. Here d = n—1 is the simplex
dimension and L denotes an upper bound on the number of comparator shifts.

Literature ‘ Market model ‘ Comparator ‘ Regret upper bound ‘ Notes

Cover [1991] Adversarial Fixed CRP O(dlogT) Info-theoretic mix

Helmbold et al. [1996] Adversarial Fixed CRP O(NTInn) Multiplicative updates

Blum and Kalai [1999] Adversarial Fixed CRP O(dlogT) Handles transaction costs

Kalai and Vempala [2003] | Adversarial Fixed CRP O(dlogT) Poly-time approximation

Hazan et al. [2007] Adversarial Fixed CRP O(logT) Online Newton

Hazan and Kale [2015] Adversarial Fixed CRP O(log Q) Variance-dependent

Das et al. [2014] Adversarial | Shifting (< L switches) O(NT) Dynamic regret O(VTL)

This work Stochastic Dynamic 5(T2;_V) Adapts to unknown variation Br
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STATIONARY OR L.I.D. MARKET MODELS. In a classical stochastic setting, asset prices are often
modeled by i.i.d. returns or stationary processes (e.g., geometric Brownian motion). The cele-
brated Kelly criterion [Kelly 1956] prescribes the optimal constant rebalanced portfolio for maxi-
mizing expected log-growth when the return distribution is known; Breiman [1961] showed that
this strategy also almost surely outperforms any other fixed portfolio in the long run. When
the distribution is unknown, an investor can learn the Kelly portfolio over time. For example,
Cover [1984] and Gyorfi et al. [2006] study nonparametric and data-driven approaches to con-
verge towards the optimal i.i.d. portfolio. In general, under a stationary distribution, the regret
(difference in total log-wealth) of an adaptive strategy can often be bounded by a constant or
grow sub-logarithmically, reflecting the law of large numbers. These probabilistic results, how-

ever, rely heavily on the ii.d. assumption and do not provide worst-case guarantees.

ADVERSARIAL STATIC ENVIRONMENT (UNIVERSAL PORTFOLIOS). Cover’s universal portfolio algo-
rithm inaugurated the adversarial paradigm, ensuring O(nlogT) worst-case regret with respect
to the best fixed portfolio. The regret here is typically measured as the excess log-wealth of the
comparator over the algorithm, and O(nlog T) was shown to be achievable via a Bayesian mix-
ture over all possible CRPs [Cover 1991]. This guarantee is sublinear in T (for fixed n) and thus
the average per-round regret vanishes. Subsequent research sought to improve the efficiency
and tighten the dependence on problem parameters. ? (an expanded journal version of Helmbold
et al. 1996) introduced the EG algorithm, which uses multiplicative weight updates and attained
a regret of O(%\/Tnn) assuming returns are bounded in [r, 1] for some r > 0. Although the
VT dependence is larger for long horizons, EG has the advantage of simple updates in O(n)
time per round, versus Cover’s method which is computationally intensive (exponential in n in
the worst case). Further improvements came from exploiting the curvature of the loss function
fi(x) = =In(x"r;). This loss is 1-exp-concave (and also strongly convex in the simplex domain),

enabling algorithms with logarithmic regret. Notably, Hazan et al. [2007] present an efficient
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online Newton algorithm with O(log T) regret for strictly convex costs, which when applied to
portfolio selection yields O(log T) regret independent of n (essentially matching Cover’s bound
up to constant factors). Around the same time, Blum and Kalai [1999] and Kalai and Vempala
[2003] investigated alternative “universal” algorithms and information-theoretic limits; Kalai and
Vempala 2003 in particular provided a polynomial-time randomized algorithm that achieves the
optimal O(dlogT) regret (with d = n — 1 degrees of freedom on the simplex) while improving
computational complexity over Cover’s exhaustive integration. Hazan and Kale [2015] further re-

fined the analysis by introducing data-dependent regret bounds: they prove that the worst-case

. 2

regret can be tightened to O(log Q), where Q = >T_ > (:fr(;) - 1) is the quadratic variation of
t

the sequence of price relatives under the hindsight-optimal portfolio x*. Since Q < O(T), this re-

sult subsumes the O(log T) bound and can be significantly smaller when market fluctuations are

mild. We note that all these methods assume a fixed comparator x* that maximizes total wealth

in hindsight.

NON-STATIONARY OR TIME-VARYING ENVIRONMENT. In practice, the identity of the best invest-
ment portfolio may change over time—e.g., as different sectors go through boom and bust cy-
cles. Traditional static-regret algorithms are not designed to track such shifts. The problem of
dynamic or adaptive regret minimization has been studied in the broader online learning liter-
ature: for instance, Herbster and Warmuth [1998] developed an expert-tracking algorithm with
regret O(VTL1In N) when competing against a sequence of experts with at most L switches, and
Zinkevich [2003] analyzed gradient descent for convex problems, showing regret O(\/m )
where Pr is the path-length of the comparator sequence. However, applying these general re-
sults to portfolio selection either requires discretizing the continuum of possible portfolios or
yields loose bounds. Some specialized progress has been made: Das et al. [2014] incorporate a
group-sparsity regularizer and prove regret bounds O(log T) for static and O(VT) for shifting

portfolios in a sector-rotation scenario. Nevertheless, these results assume either known struc-
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ture or do not achieve the optimal dependence on the number of changes. By contrast, our work
addresses a fully adversarial, unstructured market where the total variation of the optimal port-
folio is bounded by Br = O(T"), and we obtain a regret of order O(T@™)/3) without knowing Br
in advance. This matches the best-known rates for dynamic OCO in the absence of exp-concavity

assumptions, and is the first such guarantee in the context of online portfolio selection.

4.2 MODEL FORMULATION

We consider an investor who allocates her wealth among n assets repeatedly over a horizon

of T rounds. In each round t = 1, 2,..., T, the following events occur:

1. Portfolio selection: The investor chooses a portfolio vector
n
X; = (xt,b .. .,xt,n)T € A, A, = {X S R:l_ : in = 1},
i=1

where x;; is the fraction of current wealth invested in asset i at round ¢.

2. Market outcome: After the portfolio is chosen, the market returns for all assets are real-
ized and revealed. We denote by P, the (unknown) distribution of the price-relative vector

in round t, and let

-
r; = (r:(1),...,n(n)) € R}
be the actual price-relative vector drawn from P;. Here

price of asset i at time ¢ + 1

ri(i) =

price of asset i at time ¢

is the gross return factor of asset i during round t. The investor observes r; at the end of

the round (full-information feedback).
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3. Wealth update: Ignoring transaction costs or taxes, the investor’s wealth is updated mul-
tiplicatively based on the portfolio return r/ x,. If W; denotes the total wealth at the start
of round ¢, then

W1 = W, (17 x:).

CuMULATIVE WEALTH. Over T rounds, the cumulative wealth relative to the initial wealth Wj is

given by the product of one-period returns:

T

WT+1 _ T
W 1;[(rtXt) = log

V1%

T
T+1 T
= E | )
Wi =1 og(rt Xt)

Thus, maximizing long-term wealth growth is equivalent to maximizing the sum of log-returns

Zthl log(r] x;).

OCO FORMULATION AND REGRET. We cast this problem in an online convex optimization frame-

work with full information. The per-round realized loss (negative log-return) in round ¢ is

fi(x) = = In(r/x), X € A,.

Minimizing f;(x;) is equivalent to maximizing the portfolio’s log-return in round ¢. The decision
set is the probability simplex A,. Since r; is drawn from P;, we may also define the expected loss

for a decision x in round ¢ as

Li(x) = Erp[-In(r/x)],

which is a convex function of x. However, the investor only observes the single-sample loss f;(x;)
each round.

The performance of a portfolio strategy is now evaluated against the best period-wise action
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instead of a single fixed portfolio. For each round ¢t = 1,2,..., T, define

x; := argmax In(r{x),

the clairvoyant constant-rebalanced portfolio that would have maximized the one-step log-return

on round t. The dynamic regret up to time T is
i T
RY™: Z(ﬁ(xo 6] = 3 |- Infry ) + e x;) |
t=1 t=1

A portfolio-selection algorithm is called dynamically universal if it achieves sublinear dynamic
regret Riyn = o(T) (in expectation or with high probability), ensuring its average per-round log-

return approaches that of the period-wise optimal portfolios.

4.2.1 NON-STATIONARY RETURNS AND THE VARIATION BUDGET

In general, the return distribution may drift over time. We quantify this drift by a notion of
temporal variation in the sequence of return distributions. Let P; denote the (unknown) distribu-
tion of r; at round t, as defined above. We measure the cumulative distributional change over T

rounds by

T
TV(Pir) = Z(W(Pt, Pry),
t=2

where W is the 1-Wasserstein distance on R!. Namely, for any two probability distributions p

and v on R}, the Wasserstein metric is defined as
W(v) = inf Exy[IX - Y]],
yel'(pwv)

and I'(y, v) is the set of all couplings of y and v. Intuitively, ‘W (y, v) represents the minimum

“transport cost” of moving probability mass from distribution y to v, using the L! norm as the
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ground metric. In our setting, W (P;, P;_;) captures the magnitude of distributional shift in the

market’s returns from round ¢t — 1 to round ¢.

VARIATION BUDGET. Fix a budget Br > 0 (possibly growing with T), and consider the set of

plausible environment sequences

V(T,Br) == {Pir: TV(Pyr) < Br}.

We assume By = O(T") for some v € [0, 1], but note that the investor does not know the exact
value of Br. Intuitively, V (T, Br) is the class of all non-stationary return processes whose total
distributional shift over T rounds does not exceed Br. Smaller v (or smaller Br) corresponds to
a more slowly changing, near-stationary environment, whereas v = 1 allows the possibility of

abrupt changes in distribution each round (linear variation in T).

Why Wasserstein? Compared to simpler metrics (e.g. coordinate-wise £ distances), the Wasser-
stein distance (i) aligns with the intuition of transporting “mass” between return distributions
with minimal cost, and (ii) is sensitive to the geometry of distributions in R}, making it well
suited for capturing changes in the joint distribution of asset returns. We focus on the Wasser-
stein metric for concreteness; analogous results hold under other reasonable choices for measur-

ing distributional variation.

Lemma 4.1. Forany1 < t; <t; < T,

|2

(M/(Ph Pl’—l),

t=t1+1

sup
XeA,

L, () - L, ()| <

Mmin

where Ly (x) = Eq,~p, [— ln(rth)] is the expected loss in round t.
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4.2.2 WORST-CASE DYNAMIC REGRET

Let 7 be an admissible online strategy. Given a return-distribution sequence Py.r, its (ex-

pected) dynamic regret is

ngn(T’ Pl:T) =F

T
NS —ﬁ(x’i))],

t=1

where the expectation is over r; ~ P; and any internal randomness of 7. Equivalently,

R} (T.Pir) =B

T
Z (= In(r]x}) + ln(r:xf))] :
=1
Under the Wasserstein-variation class V (T, Br) from (??), the worst-case dynamic regret is

ngn(T, Br):=  sup ngn(T, Pi.7).
PleE(V(T,BT)

Our goal is to design 7 so that ngn(T, Br) grows sublinearly in T (ideally o(T) or O(VT)) without

knowing Br in advance.

4.2.3 STANDING ASSUMPTIONS

We impose the following assumptions on the return sequences and their distributions, which

are standard in the literature and ensure the losses and gradients remain well-behaved:

1. Bounded asset returns. There exist known constants mpy;, > 0 and mpy.x > 0 such that

for all rounds t and all assets i € [n],
Mmin S rt(i) < Mpax-

In other words, each period’s return vector r; lies in a bounded subset of R}. In particular,
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no asset’s price can drop to zero in one period, and there is some uniform upper bound
on one-period returns. This ensures that r/x is always bounded between mpi, and muyax
for any portfolio x € A,. Consequently, the loss —In(r; x) is well-defined (no division
by zero) and uniformly bounded. These bounds also imply that the gradient of the loss
(which is —r;/(r/x) for portfolio x) has bounded magnitude, a key requirement for our

regret analysis.

4.3 ALGORITHM DESCRIPTION

We now describe an alternative, fully—online adaptive algorithm for universal portfolio selec-
tion. Like Algorithm 5, we maintain K candidate portfolios (“experts”) each run with a different

mirror—descent step-size, and we dynamically track which expert would have performed best so

far.
NOTATION.
+ Let r; € RY be the price-relative vector at time t.
« Define the instantaneous loss
filx) = —log(r/x), x€A,.
+ The gradient of the loss at time ¢ is
Vi) = - A = [VhG)], = -
t(X¢ X t1(X¢) | T .
« We let
r t(i)
G = sup ||Vﬁ(x)||oo = sup max ——.
t,x€A, txen, 1 I X
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Under the bounded-returns assumption mpin < r¢(i) < Mmay and 17X > Mpyp, it follows

that we can set

G _ mmax
Mmin
« As before, we have a discrete set of hypothetical variation parameters V = {vy, v, ..., vk}
defined as follows:
k
Vg = , k=1,2,....K,
log T

where K is chosen such that vx_; < 1 < k.

« Fix K candidate step—sizes {ry? :g =1,...,K}. We will run K mirror-descent updates in

parallel, with A% = T5(7%)_ Then the step—size for expert g is

p = logn
! 20 G2

MIRROR-DESCENT UppATE. Each expert g maintains a portfolio x! € A,, updated by the en-

tropic mirror step:
' x} (i) exp(— ry% Vt(i))
X1 i) = n '
g _ 9 ;
x; () expl—n7 Vi(j)

Jj=1

META-SELECTION WITH CHANGE-POINT TRIGGERING. We maintain a single active index k that
only increases when a change—point condition is met. Recall #; is the last time we switched. For

each g > k, define the inter—expert loss gap over [#s, t — 1]:

t—1

Altc’—g1 = Z

s=tif

L&) - fi(x)

! + Z(CO VlogT + ¢4 \/logn)

Mmin

+ 4C3+/2T log(2T),
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If forany g € {k+1,...,K} we have A’;’_gl > By, we increment k < k + 1 and reset tjy < t. We

then play

X, = 5(’: and incur  f;(x;) .

Algorithm 5 Adaptive Universal Portfolio with Change-Point Triggering

1: Input: {77:?}521 (step—sizes), {Bg}é(:1 (trigger thresholds), horizon T.

2: Initialize: k < 0, tf < 1. Foreachg = 0,1,...,K, pick x
LI =o.
0

9

| € A, (e.g. uniform), and set

3: fort=1to T do

4: if t > 2 then
5: forg=k+1toK do
-1
6 if Z L& - x| > B, then
S=tif
k—k+1, tft
break
: end if
10: end for
11: end if
12: for g =k to K do
13: Compute gradient VJ = —r, / (r] 7).
14: Update expert g:
Lo eaf-nf Vi)
xt+1(l) = n :
P G) exp-ng V()
j=1
15: Accumulate loss L) = LY | + f;(%).
16: end for
17: Play x, = %F, incur f;(x;).
18: end for

Discussion. This change—point rule ensures that we only switch to a finer step—size (expert) once

there is sufficient evidence—measured by the accumulated loss discrepancy—that the current mir-

ror—descent trajectory is underperforming. By controlling thresholds {B,}, the algorithm adapts

its effective step—size on the fly, balancing stability against responsiveness to market shifts.
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4.4 ANALYSIS OF REGRET BOUND

Note that we have the following regret definition:

R} (T.Pur) =B

T
D (= In(r]x7) +In(x]x]) )] . (4.1)
t=1

And we need to show the following proposition.

Proposition 4.2 (Regret due to Non-stationary Mirror Descent). Under Assumption (i), we have

E

Z(ﬁ(fc;‘UP)- ft(xf))} - O(T“#(longnlog:rlogl/z n)).

t=1

4.4.1 SKETCHED PROOF OF PROPOSITION 4.2.

As before, we define a discrete set of hypothetical variation parameters V = {vy, v, ..., vk}
with
k
Ve = , k=12... K,
logT

where K is chosen such that vk_; < 1 < vg. We run K mirror-descent updates in parallel, treating

each vy € V as a candidate variation exponent. In particular, let A% .= T3(7%) for each expert g,

logn

g

= |—F. =12,....K,
T \ 22967 I

where G is the bound on the gradient (or subgradient) norm in the mirror descent updates.

and set the step—size

We observe that K = O(log T). Define k* as the smallest index in {1,. .., K} such that v < vj-.

Given the relation vg« = vj«_1 + @, it follows that v < v+ < v+ lT. Consequently, TV < T <

log

e TV, implying that T"** is within a constant factor of T". Therefore, it is sufficient to bound the
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total regret by
24V %
O(TTk log™/2 T) .

To establish this bound, we proceed in four steps:
Step 1. For each expert g € {1,...,K}, with high probability over T time periods we have the

following empirical dynamic regret bound:

5 |G -] < T

t=1

— + (CovlogT + 1 Viogn

min

+ 2C5+/2T log(2T).

Here myp;, is the positive lower bound (and myy,,x the upper bound) for each decision coordinate
under Assumption (i), and Cy, Cy, C; are the corresponding constants (for completeness: Cs :=
In(Mmax/Mmin), Co :== 8 %;‘;‘, Cy = 2V2 %) We may assume that this high-probability event
holds from this point onward.

Step 2. Contradiction via trigger condition. Suppose, for the sake of contradiction, that at
some period ¢t we have k > k* and the if-condition in our algorithm fires with some g > k. Then

by the triangle inequality, on the interval from the time #; of that trigger to t we have

3 3 t

2| -pE0| < X |pEH-pen| + X6 - £6D)].

S=lif S=lif S=tjf

But from our high-probability bound on each “arm” j € {k, g} (from Step 1),

i [ﬁ(’d) ‘fs(xi)] < T

s=1 min

+ (CO ViogT + G \/Iogn)] + 2C; 2T log(2T),

so it follows that even summing only from s = ¢ to t cannot exceed

2+

T3

+ 4C3+/2T log(27),

+ 2(C0\/lo? + Clx/@)

Mmin
which is exactly the threshold required for the if-condition to trigger. This is a contradiction,
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implying that no such trigger can occur when k > k*. Hence the running index k never surpasses
k*

Step 3. Bounding regret between successive triggers. Let ¢ and t” be two consecutive times
when the if-condition fires. On the intervening interval ' + 1 < t < t” — 1, the if-test fails even

for g = k* by assumption. Therefore, we have

-1

Z [ﬁ(ﬁf)_ﬁ(’etk*)] < T

t=t'+1

Mmin

+ Z(Co VlogT + ¢4 \/Iogn)] + 4C5 2T log(2T).

Now split the excess regret against the comparator x; by the triangle inequality:

-1 t -1 "_1

Y [heh-en] < 3 - s+ Y

t=t'+1 t=t"+1 t=t"+1

&) - fix)

The first summation is bounded by the failed-trigger threshold above. The second summation,

over at most T periods, is bounded by the high-probability regret of trajectory k* (from Step 1):

D G - fien] < 775

t=1

+ (CO ViogT + G \/logn) + 2C; 2T log(2T).

min

Putting these together, we conclude that on each interval between triggers,

> £ - fen] < T

t=t"+1

4 3(c0 ViogT + G \/logn) + 6C; 2T log(2T) .

min

By taking expectations on both sides (over the random draw of losses), we obtain

E

t=t’"+1

tf (ﬁ(fcf) —ﬁ(x?‘))] = O(T%(\/@Jr Viogn) ) ,

Since the if-condition can fire at most K = log T times, the total interval-wise regret (ignoring
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the small residual at the end) is
24V
O(TT (log®? T +1og T log!/? n)) :

Step 4. Suppose that the last if-condition triggers at time f),5;. The regret from time #, to
T can be bounded in a similar fashion (using the high-probability guarantee for the final active
expert k < k*). Adding this final segment to the interval-wise regret derived in Step 3, and

recalling that T"** differs from T" only by a constant factor, we conclude that

T

2 (#GH - fieD)

t=1

2+

= O(T o (log®? T +1og T log!/? n)) ,

E

which is of the same order as stated in Proposition 4.2. This completes the proof.
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A APPENDIX A: SUPPLEMENTARY

MATERIAL FOR CHAPTER 1

APPENDIX A: SUPPLEMENTARY MATERIAL FOR CHAPTER 1

WiTH FIRST-ORDER FEEDBACK 1.3.1

Proof of Lemma 1.4. Let x € X be arbitrary and denote g;(x;) := df;(x;). By convexity of f;,

fi(x) = fi(x) < (9u(X0), Xy — x).

Insert the stochastic gradient G;(x;) and define the noise term &, := g;(%;) — G;(%;) to obtain

Ji(®) = fi(x) < (& % — x) + (Ge (%), & — x).
The second inner product can be controlled by the standard projection argument: because
K41 = Projy (?%t - Uth(J?t)),

1% = x[1* = IXe+1 = x]|
2771»

2
(Gr(in), & = x) < + 2612

Summing this inequality from t = 1 to T, using ||G;(%;)|| < G and the diameter bound ||X; — x|| <
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D, gives

Z(Gt(xt) X —x) < — UTZTGZ.

With the prescribed constant stepsize nr = yD/(G\/_) this becomes —( +7) GDNVT.
Turn now to the martingale term Z; := (&, x; — x). Conditioned on the past, E[Z; | ;1] =0
because E[G;(%;) | Fi—1] = g:(%;). Moreover |Z;| < ||&]| ||X; — x|| < 2GD. Freedman’s inequality

therefore yields, for any § € (0, 1),

Pr{i Z, > 2GD 2:rlog(1/5)} <5

t=1

Combining the deterministic and stochastic bounds and using a union bound gives, with prob-

ability at least 1 — 6,

T
D (&) - £i(x)) < 2GD+/2T log(1/5) + %(; +y)GDNVT.
t=1

Because the right-hand side is independent of x, taking the maximum over x € X proves the

lemma.

O

Proof of Proposition 1.3. Fixg € {1, ..., K} and set the (hypothetical) restart window Ag [T3 31 v)7].

Partition the horizon into J, = [T/ AT'l batches {7} J:": | With
= {(G-DAL+1,...,(jAL) AT}

By Assumption 2 (strong convexity with parameter §) we have, for all t, f;(7) — f; (x}) > § ||%) —
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x/||?. Summing over ¢ and decomposing batchwise yields

S g 1 S 9
;uxt - x P < §Z<ﬁ< )~ fi(x))
% > fi(#{) ~ min D filw) + min Z fiw) = > i) | (A1)
— J=1 \teTy; te 9.J te 9.J teTy;
@ @

BOUNDING @ (FUNCTIONAL DRIFT). By the standard drifting-comparator bound (e.g., Proposi-

tion 2 in [Besbes et al. 2015]),

Jg T
2. < 200 ) lfi = firllw = 209 Vi,
j=1 =2

Using A = T3(7%) (up to ceilings) and the variation budget assumption Vi = O(T"), together

with the grid choice (which guarantees T" is within a universal constant factor of T"), we obtain

for a universal constant ¢ > 0. Moreover, since ||f; — fi—1llc < GD by sup,.o [|Vfi(x)|| < G and

diam(Z’) < D, we may take ¢ = 2GD so that

_]g 24+
Z@ < 2GDT

Jj=1

(A2)

BOUNDING @ (WITHIN-BATCH STATIC REGRET) WITH HIGH PROBABILITY. On each batch 7 ; we

run SGD with stepsize ry% = yD/ (GJA?) (Algorithm 1, Line 10). Applying Lemma 1.4 to the

sub-horizon 7, ; and choosing § = T~ gives, with probability at least 1 — &,

D < ZGD,/ZAilog(T2)+§(§+y)GD AL < GDJA (4 1og:r+§(§+y)).
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T batches implies that, with probability at least 1 — 1/T, the above

., Jg; summing over j and using ]91/ <T/ w/ yields

A union bound over the J; <
holds simultaneously for all j =1, ..

]g T 2+

@ < —GD(4 logT+%()l/+y)) = GDT5 (4 log T + 3 ( +y)). (A3)
j=1 JAS

CoMBINE. Plugging (A2) and (A3) into (A1) gives, with probability at least 1 — 1/T

2+ Vg

(4GDflogT + 1 (1 +y)GD +26D).

2
Z 1% = 71l

Finally, applying a union bound over g = 1
the per-g events) holds with probability at least 1 — K/T, establishing the claim

K vyields that the event Q¢(1) (the intersection of

o
Proof of Proposition 1.5: ASGD never over-estimates the variation budget. Let
Zr = 4GDylog T + 1(y+ )GD + 2GD,
so that Proposition 1.3 (the high-probability estimate on Gy)) can be written compactly as
(A4)

for every g € {1,...,K}.

T _
. =7

D e =P < =T

=1 =z

., T} such that the

We argue by contradiction. Assume there exists a (first) time ¢, € {2

algorithm switches to an index strictly larger than k*
k(t()—l) < k¥ and k(to) =k*+1.

By Line 5 of Algorithm 1 (the if-condition evaluated at time t,), there must exist some g € {k*
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1,...,K} such that

to—1 —
DI - > 2 T

s=tjf

where t;¢ is the last time at which a switch occurred (initialized to 1).

On the other hand, on the good event Q¢(1) we may bound the full pairwise deviation via the

elementary inequality ||a — b||* < 2||a — c||* + 2||c — b||* (with ¢ = x}), followed by (A4):

T T T

~k* 29112 ~k* 2 29112
DU =& <2 ) I -2 )l - &
s=1 s=1

where the last inequality uses vi+ < v,. Since Zsti;fl- < Zstl-, we obtain

to—1 -
DR -RIP < 2= T

N :tif

which contradicts the trigger condition (A5) that is necessary for the switch at time £.

Therefore no such ¢, can exist, and the algorithm never selects an index larger than k*. Hence

k(t) < k* forallt € [T].

Proof of Theorem 1.2. Recall the grid {vg}g=1 and let

k* == min{g € {1,...,K}: v< v},

By Proposition 1.3, on the good event §¢(1> we have, for every g,

33

Zr = 4GD logT+%(y+%)GD+2GD.

(A6)



By Proposition 1.5, k(t) < k* for all . Let the (at most K) switch times of Algorithm 1 be

1l<tyj<---<ty<T, (M < K),

=T+ 1. Form = 0,1,...,M denote the closed interval between two

and set ty = 1, tyng ¢

consecutive switches by
[tm; tme1 — 1]>

I =
~ASGD ~k(t
)'-ts . )'.t( )'

on which the if-condition is not triggered. Write
Regret on a single no-switch interval. By Assumption 2 (upper quadratic growth with curvature

parameter &) and the inequality ||a — b||? < 2||la — ¢||? + 2||c — b||? with ¢ = x],

DL AESP) = (D) <8 ) 155 - x|
tely, tely,
<25 YIRS -5 P28 ) Ik -0 (A7)
tely, t€ly
Because the if-condition is not triggered on I, and k(t) < k*, its negation with g = k* yields
« E 2+ V%
SR80 _ k12 < 2 =L 7 (A8)
)
tely, -
Using (A6) with g = k* and combining with (A7)-(A8), we get
5- 2+ vy x
SErT > (A9)

ST (RGSP) - fi(x) < 6
tely,

From vy~ to V1. By the standard discretization used to define the grid, T"" < e Vr (i.e., the surrogate

budget indexed by k* approximates the true V; within a constant factor), hence

24V 1/3 2 1
T+ < ATV
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Substituting into (A9),

A * §_ .2 3
DRGSR~ fi(x)) < CigEITIV,

tely,

for an absolute constant C; > 0.
Summing intervals and the terminal tail. There are M + 1 < K + 1 no-switch intervals {Im}f\fzo.
Summing the above bound and using that the grid size satisfies K < Cylog T (geometric spacing

in the window/variation grid), we obtain, on Gy,
o 5- 2 1
DAGESP) - fix)) < CEr TSV logT.

t=1

Recalling =7 = ©(GD+/log T), the right-hand side is

1
O(T§VT3 (log T)%).
Accounting for the bad event. Finally, P(Q(E(l)) < K/T < Cy(log T)/T by Proposition 1.3. On Qg(l)

the regret is trivially bounded by T - max; xeq f;(x), so its expected contribution is O(log T) and

is dominated by the main term above. This completes the proof.

O

WITH ZEROTH-ORDER & FIRST-ORDER FEEDBACK 1.3.2
Proof of Proposition 1.7. Write the canonical decomposition

T T T T
DIsO G £ -6V ] = DJs O G £ - £GED]+ Y [HGD - £GD]+ Y [ - 9O x5 )]
t=1 t=1 t=1 t=1

D (I (1)
(A10)
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Noise TERMs. Let &(x) = ¢ (x, f;) = fi(x). By the zeroth-order feedback assumption, for
each fixed x the sequence {Et(X)}Z;l is mean-zero and op—sub-Gaussian (conditionally on the
past). Moreover, for any predictable action sequence {a;}, the process {¢;(a;)} is a martingale
difference sequence with the same sub-Gaussian proxy. Hence, by Azuma-Hoeftding (or the

standard sub—Gaussian tail bound),

.

Apply this once with a; = &/ to control (I), and once with a; = x]' to control (II). A union bound

T

Z er(ar)

t=1

2
> 260\/TlOgT) < ﬁ

over the at most K relevant learners (for (I)) together with the single comparator sequence (for

: . 1 2K
(Il)) yields that, with probability at least 1 — <,

|(D| < 200yTlogT and |(II)| < 200yT logT, (A11)

simultaneously for all g € {k*,...,K}.
Define

Er = 4GDylogT +i(y+y~") GD + 2GD.

By Proposition 1.3 (proved earlier for the first-order estimator run with window size A? and step

size n? =yD/(G, /A*;]“)), we have for each fixed g

T
2+vg

STHE) - fix)] < T &

t=1

with failure probability at most 1/T. A union bound over g € {k*,...,K} gives that, with proba-

bility at least 1 — IT(, the above bound holds simultaneously for all such g:

2+

() < T3 Er forallg € {k*,...,K}. (A12)
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Intersecting the eventsin (A11) and (A12) and using (A10), we obtain, for every g € {k*,..., K},

T
2+

DI$OGf) =60 ]| < T Er + 4opTlogT.

t=1
with probability at least 1 — 2%, This is exactly the event Gy, completing the proof.

O

Proof of Proposition 1.8: No over-estimation under hybrid feedback. Suppose, for contradiction, that

the algorithm first switches from k* to k*+1 at some time ¢, > 2. Let t;r denote the start of the

current monitoring window. By the switch rule (Lines 5-6), there exists g € {k*+1,...,K} such
that
to—1
MO ) - 9O )] > RHS(g) = B + B, (A13)
S=tif

On G401 we may insert the oracle action x{ and apply the triangle inequality:

6O EE, £) = pO L H)| < O £) - 6O )]+ 9O G ) - 9O £)-

Summing over s € [ti, tp — 1] and invoking the bounds in (1.12) yields

to—1
2 POGEf) ~ 9O f)| < Be + By = RHS(9),

Sztif

which contradicts (A13). Hence no switch to an index > k* can occur, and k(t) < k* for all

t e |[T].

Proof of Theorem 1.6. Fix the variation grid {vg}f}(:1 and let

2+

By= T (4GD logT+%(y+y_l)GD+2GD) + 40p\TlogT.
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By Proposition 1.7, with probability at least 1 — % the joint “good” event

T
Gy = | D J9O GE ) - $O i, f)] < By forall g e (k.. K}
t=1

holds. Condition on Gy for the remainder of the argument; we remove this conditioning at the

end.

No over-estimation and interval decomposition. By Proposition 1.8, k(t) < k* for all t € [T]. Let
the (at most K) switch timesbe 1 < t; < --- < t)y < T, and set ty := 1 and 41 := T+ 1. Define the
no-switch intervals I, := [t, tme1 — 1] for m = 0,1,..., M (the case m = M is the terminal tail).
Since the if-test never triggers on I, and k(t) < k*, taking g = k* in Lines 5-6 of Algorithm 2

yields the negation

DB OGE ) - ¢V G f)| < 2B (A14)

tel,,

Regret on a no-switch interval. For each t € I,

$OGE ) =0 ) = [6OEFE £) - 9O GE ]+ 60K £) - 0O (L )] -

“model gap” “oracle gap”

Summing over t € I, and applying (A14) together with the good-event bound for g = k* (from

Proposition 1.7) gives

2 6OGER -4V )] < 2B + B = 3B (A15)

tel,

Taking expectations and using E[¢(*) (x, f;)] = fi(x) yields

E Z(ft(??f)—ﬁ(xf))‘%(o,n] < 3B (A16)

tel,

38



Summation over intervals. There are M + 1 < K + 1 intervals {Im}%zo, hence on Gpon

T

DRGE = fix) | Gy

t=1

E < 3(K+1)Bk*.

Removing the conditioning and simplifying. Let Cinax = sup; .cq |fi(x)| < oo (boundedness as in

the dynamic-regret definition). On Qg(osl), the regret is at most 27 Cp,ax, SO
T
E Z(ft(a?fz) —ft(xf))] < 3(K+1)Bg + Pr(gg(o’l)) 2TChax < 3(K+1)Bg + % TCrax-
t=1

By construction of the exponent grid and the definition of k*, T"** < e V7, hence

1
Br < 1 T3ViyflogT + coyTlogT
for absolute constants ¢y, ¢; depending only on (G, D, y, 0y). Since K = O(log T), the leading term
is
1
3(K+1)Bp = o(T%VTS (1ogT)%),

and the /T log T and O(K) contributions are lower order. This proves

Ty 2 1 3
R¢(0,1)(Ts VT) = O(T3 VT3 (IOgT)Z)
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APPENDIX B: SUPPLEMENTARY MATERIAL FOR CHAPTER 3

Proor or LEMmmA 3.1

Proof. For one-dimensional distributions F(-) and G(-), the Wasserstein distance admits the

closed form

W(F,G) :/0 | F(x) - G(x) | dx.

For each t > 1 and y > 0, the newsvendor cost can be written as

Ci(y) = hE[(y—D)*|+bE[(D,—y)*]| = h/OyP(Dt<x)dx+b/ooP(Dt>x)dx.
)
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Let F;(x) := 1 — F;(x) be the complementary CDF of D;. For any 1 < t; < t, < T, we have

|C,(y) - Cu () |

|2

D@ -caw)]

t=t;+1

t2 y iz )
< h Z / | F(x) = Freq(x) |dx + b Z / | Fi(x) = Fro(x) | dx
t=t;+1 70 t=t;+1 7Y
t2 y t2 o
= h Z / |F(x) = Fry(x) |dx + b Z / | Fy(x) = Fiy(x) | dx
t=t;+1 70 t=t;+17Y
t2 o
< max{h, b} Z / |Ft(x)—Ft_1(x)|dx
t=t;+1 70
7]
= max{h, b} Z W(Ft,Ft_l).
t=t;+1
Taking the supremum over y > 0 preserves the bound, which proves the claim. m]

INVENTORY APPLICATION: HiGH PrROBABILITY BOoUND OF OGD

In this part, we build the high probability bound for any trajectory of {j/}_, induced by the

stepsize n with g > f.

Lemma B.1. (High Probability Bound) Suppose the true variation budget of the environment is v,
and we have vy > vy« > v. Then, with probability at least 1 — %, the gradient descent decisions {7 }

using step-size implied by v, satisfy
4 2+v§
dla@) -clgn] <17 - [2 max{h, b}M + (cm/log:r + cl)] .

t=1

with Co = ¥ max{h, b}M, C; = L(y + 1) max{h, b} M.
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Proof.

T [T/A1,] [T/AT,]
2 la@)-c@dl= ) (P a@) - min > G|+ 3 | min > Clw) - Cilg)
=1 =1 \te7; weloMl i = \weleMl i te7;

By lemma B.2, we have

[T/A1,] - {ZGD /2ATg log(A%g) + %(y + %) max{h, b} M ATg}

+ 2 max{h, b}A1, Br

<

2(1-vg)

Take A, =T775, then

24V 2(1-vg)

< TTg(CO ViogT +c1) +2max{hB)MT 5 T"

Note that v < Ve < v

: [2 max{h, b} M + (Co\/l()F+ Cl)]

2+ Vg

<T

(B1)

In the above proof, we would need the following lemma for the second inequality.

Lemma B.2 (High Probability Bound for Online Convex Programming). For the Online Convex
Programming algorithm, where y* could be any fixed point as well as the optimal fixed point, and

fort > 1, recursively we define:

Ury1 = Ppom (G — n¢ - Ge(3r))

where n; = ﬁﬁ}ﬁ’ for some y > 0 and G;(3;) is an observed (sub)gradient of C;(y) aty = ¥,

D = M is the length of decision region and G = max{h, b} is the upper bound for gradient, then with
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1

77, We have

probability at least 1 —

T T
1 1
t=1 t=1

Proof. Proof of Lemma 2 For each time period t, note that g;(¢J;) = E[G;(3;)], where G;(3;) is the

observed gradient. Then,

Ce(9:) — Ce(y™) < 4g:(01), G — y*)

=(9:(9t) = G:(G0), §r = y") + (Gt (), r — y")

(B2)
Set & = g:(9:) — G:(7z)
N N [/ TR EE [ AR T &
S <§[,yt_y >+_ yt y yt+1 y +17th
2 Nt
Therefore, summing over all ¢ from 1 to T, we obtain:
T T D1 T
2, (i) =Cily")) < ) (i =y) + 5+ 560 )
t=1 =1 t=1
Set v D (B3)
e = — . —
Nt \/T G

T
N
< > (Edi—yy+ S+ ;)GDVT
t=1

Applying the Freedman Inequality (as shown in Lemma 4), denote Z; = (&, §; — y*). Observe
that |Z;| < G - 2D.
In addition, for each t > 1,let ¥;_1 be the filtration generated by ¥, . . ., -1, G1(§1), - - -, Gi—1(J-1)-

Then we have the following equation:

E[Z|Fi-1] = E[(gt(ﬁt) = Gi(91), Jr — y>|7'?—1] = <gt(gt) - E[G/(g)|Ft-1], 0 — y) =0,

where the second identity holds because given ¥;_1, 7; is fixed, and the last identity follows
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from the definition of G;(-). Therefore, Z;, Z,, . . ., Zr is a sequence of martingale differences with
uniform upper bound 2GD. Then by applying Lemma B.3, we obtain the following inequality for

any5 > 0:

T
P( 3 (Cul@n) - Ci(y)) > 26DV2T Tog(1/5) + %(; +y)GDVT

t=1

< P( )91 (5) = Gi(@). y— i) > 26D2Tlog(1/5)) < &,

t=1

where the first inequality follows from inequality (B3) and the second inequality follows from

Lemma B.3.

Lemma B.3 (Azuma-Hoeffding inequality). Suppose Zi,Z,,...,Zr is a sequence of martingale

differences with |Z;| < B foreachi =1,2,...,T. Then for any § > 0,

P( Z; >B\/m) < 6.

T
i=1

Lemma B.4 (Deviation of Realized from Expected Cost). Assume 0 < D; < M almost surely and

let C3:=max{h, b} M. For any predictable sequence {yt}thl c [0, M] and any § € (0,1),

P\{‘Zthl[c(ytsDt)_Ct(yt)” > C3\/2T10g%) < 6. (B4)

1

Consequently, with the probability 1 — =,

T
> [Cn D) - Ci(y)] < Csv2TlogT?). (BS)

t=1

Proof. For fixed y € [0, M] the sequence A;(y) = C(y,D;) — E[C(y,D;) | F;-1] is a martingale

94



difference with |A;(y;)| < Cs a.s. Apply Azuma-Hoeffding:

Pr( ST Ai(y) > cgn/leog%) < 4.

Lemma B.5 (High-probability bound on empirical regret). Suppose
+ the demands satisfy 0 < D; < M almost surely;

« the one-period cost is

C(yD)=h(y-D)*+b(D-vy)", hb>0;

« the sequence {i)?} is generated by OGD with step-size tuned to a guessed variation budget

Vg 2 V.

Define

46

6
Cs :max{h,b} M, Cy= TCS’ C = %(}/-i')l/) Cs.
Then with probability at least 1 — %,

2+1g

T
> [C@.D) - Cg;. D)) < T [2 max{h, b}M + (Co/ logT+C1)] +2C3\2T log(T2).
t=1

Proof. Write the total regret as

T T T T
> [e@l, py-Clgi, D] = Y [Ci(@) = Cigh] + D [C@ D) - C@)] + Y| [Culwi) - C(g;, D),
=1 t=1 =1 t=1
OGD term martingale noise

where C;(y) = E[C(y, Dy) | Fi-1].
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By Lemma B.1, the OGD term is bounded by

T%Tvg 2max{h, b} + (Colog T + Cl)]

with probability at least 1 - % For the two noise sums, note that for any fixed y € [0, M], A;(y) =
C(y, D;) — C;(y) is a mean-zero martingale difference with |A;(y)| < Cs. By Azuma-Hoeffding,
each of 3, A;(97) and Y, A;(y}) exceeds C34/2T log(2T) with probability at most 1/T. Hence

both noise sums together are bounded by

2C3 /2T log(T?)

with probability at least 1— % A final union bound across the OGD term and the two noise events

shows that all three bounds hold simultaneously with probability at least

Adding the three contributions yields the claimed high-probability regret bound. O

CARRY-OVER REGRET ANALYSIS

Proof of Lemma 3.5. For notational convenience set

_ .. ASGD ~ASGD
Zy =y —U; > t

WV
—_

Vk([)_l

Relation (3.3) together with ryf(t) = T\);b T3 implies

Vk(t)_l

Zy1 < (Zt +yT 3

-D,)".
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Because the exponent (vi(;) — 1)/3 is non-positive, the factor T(k0=D/3 < 1. Hence

Zwm < (Zo+y-Di)". (A.1)

Introduce an auxiliary process {W;};>1 with W; = 0 and

Wy = (Wyei +y — Dy)™, t> 2. (A.2)

The two recursions differ only in that the increment of Z; never exceeds that of W;; an induction

on t therefore yields

Zy < W, forallt > 1. (A.3)

The process W is the waiting-time sequence of a GI/D/1 queue with constant service time y
and inter-arrival times D;. Let the successive busy cycles of this queue be J; = {t : 7,_; < t < 7;}
for i > 1, where p = 1 and 7; = inf{s > 7;_; : W; = 0}. For each calendar period t denote by i(t)
the index of the busy cycle that contains ¢.

Pick an arbitrary t and write i = i(¢). Because W;, , = 0 at the beginning of a busy cycle,

repeatedly applying (A.1) from 7;,_1+1 up to t and using (A.3) gives

. Yk(s) ! d Yk(s) !
Zi< D yT 5 = Y yT s Hna<s<th
s=7j_1+1 s=1
Summing this bound over all periods t = 1,...,T and interchanging the order of summation
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produces

T Vk(s)*l
Z}’T 5 {r-1 <s <t}

1 s=1

T
ZY 1{8 € Jin}

MH

T
>

t=1 t

Me

=1 s=1

T Vk(s) 1 T
:YZT Zl{SEJi(t)}

s=1 =1
| —

=Jis)!
T Vk
=Y Z T |]1(s)|

Recalling the definition of Z; completes the proof:

~

. ASGD _ 5ASGD) ()~
Z <y Z T | Jics)l-
t=1

s=1

The proof of Proposition 3.6 makes use of the following three lemmas.

The first lemma is a general result on the 6th moment of the summation of independent
random variables:
Lemma B.6. Let X1, Xy, - - - be a sequence of independent random variables such that, foranyi > 1,

(i) E[Xi] = 0, (ii) E[X?] < y. Then, for anyn > 1,

< 21n’y.

n 6
S
i=1
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Proof of Lemma B.6: Based the fact that E[X;] = 0 for any i > 1, we have that

6
- 6' 2 2 2 6' 3 3
E (Z Xl-) = Z BIXPIELXCIELX]] + o Z E[X}]E[X]

1Si1<i2<i3§ﬂ U 1<ii<iz<n

o >y BIXUEIXEL+ g ) BIXGIEIX(]+ D) EIX)

’ 1<i1<iz<n ’ 1<i1<iz<n 1<ii<n

<90n +20n +30n +
n
3)’ 2}/ 2}/ Y

<21n’y.

Before stepping the second lemma, let us introduce a family of auxiliary nonstationary queues
{Wt(“) }+>u parametrized with u € [T], where for any u € [T],

W =0and W = (W™ + p - D,]* for each t > u. (B6)

t+1

Then, given u € [T], we define rl.(u) = infi{s > 7;_1 : Ws(”) = 0} for i > 1 with Téu) = u.
For k > 1, we denote ]l.(u) = {t: Tl.(j? <t< Ti(u) } to be the i-th busy period, and define | ]l.(")| as

the length of busy period ]l.(u). Further, we define use the notation |J*

) (s)l to be the busy period

containing time u + s for each s € [T].
In particular, when considering the special case of u = 0, i.e. the queue { Wt(o) Hso we will omit
the superscript “(0)" and write W}, 7, Ji and Ji(5) for simplicity.

The second lemma gives an uniform upper bound for the tail probability of | ]l(u) |

Lemma B.7. Forallt > u, if () E[D;] > f > p > 0, and (ll)E[f)f] < a, then we have that, for

anyu > 0andl > 1,
2l 1

(u)
P {7 = 0} < G
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Proof of Lemma B.7: First, we have that

IED(Ufu)l > l) < P(i(p—fm > o) =P

t=u

u+l u+l
D (BID] =Dy = ) (B[D/] - p>) .

Also, for any ¢ > u, since D; > 0, we have E[(D;—E[D,])®] < max{E[D¢],E[(E[D;])°]} < a.

Then, since E[D;] > f > p, by Markov inequality and Lemma B.6, we have that,

u+l

2 | 2, BIDA p)

u+l

Z(E Dy -

t=

u+l u+l
P {Z(E[Dt] — D) > ) (B[D] p)} <P

B | (2 E1Di] - D) ]

<

(Sl @15 - )
21Pa 21a

< = .
S (B-p)° P(B-p)°

That is to say,

P(U u)| 2 ) s (ﬁzwl;)e 113

O
Based on Lemma B.7, we can derive the following lemma which gives an uniform upper bound

for the tail expectation of | ]1(u) |.

Lemma B.8. Forallt > 0, if i))E[D;] > f > p > 0, and (lz)E[f)f] < a, then we have that, for

anyu > 0ands > 1,
63 1

(u) (u)
B 1 2 5]} < g
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Proof of Lemma B.8: First, we have that

{1 11U 2 1) = ke {1 = K]
k=s

Then, based on Lemma B.7, we further have

(u) (u) 21a 2l w— 1 63a 1
E{HT 11 281} < e+ G Z?Szw P

With Lemma B.8 in hand, we can proceed to the proof of Proposition 3.6.
Proof of Proposition 3.6:

First, conditioning on the time of the first renewal, we have that

E{1J0) ) = ZE{U%Z(,) (71 = s1y +EQLVL- 171 = )
= ZE{U%L?(, IRtV AR TR

= ZE{I gl B = s+ BT 107 = 1)

< max (B{2 ) ) +EQLYL- 10 = 1),

1<s<
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Let s; = argmax; <oz (B{J 1), | 1})-

Then, we have that,

B{IJ0) 1} < B, 1+ BV 107 2 1)

(1+51)

Second, we repeat the above argument on E{|]J. is)

|}}, and we will get

{101} < B, 1+ BV 117 2 1)

< B{|j o) 1+ BT a0 21— 5] + BT -

(1+sl+s2)(l -8 s)

$1
(1 ) (1+k) (1+k)
< B{i oy 1+ 2 B a0y 2 1=
k=0

where s, = arg maxy <i<r—, -1 {E{}, ") [1}}.

Third, by an iteration of the above argument, we will finally have,

E{|J )} _ZE{I KA 2 -k

Forth, based on Lemma B.8, we conclude that

630 1 Tl

B{J I} <
If we have the forth moment condition, the above result will become

(1)
B < 75 p)4Zl—k_(ﬁ rlog()
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UNIVERSAL PORTFOLIO SELECTION APPLICATION: HIGH PROBABILITY BOUND OF

OGD

Proof of Lemma 4.1. Fix any x € A, and define the real-valued function
gx(r) = —In(r'x), r e R}

Step 1: Lipschitz constant of gy. Under Assumption 1 we have r'x > my,, for every r in the

support of any P; and every x € A,. The gradient of gx with respect to r is

X
Vige(r) = ———

bl
r'x

so that ||Vrgx(r)||Oo < 1/mpin. Hence for any r, 1’ € RY

e =l

) 1
9x(6) — gx(¥)] < —

min
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i.e. gx is (1/Muin)-Lipschitz w.r.t. the £;—metric on R7.

Step 2: Bounding the change in expected loss between two consecutive rounds. By

the Kantorovich-Rubinstein dual representation of the 1-Wasserstein distance,

pLgx) —p,, [9x]| < WP, Ps_q) Vs> 2.

Mmin

Equivalently,

|Ls(x) _Ls—l(x)| < W(PSsPs—l)-

min
Step 3: Telescoping over t;+1,...,t;. Forany 1 < t; < t; < T,
%)
Ly(®) ~Ly(x) = D (L) - L1 (x)),

s=t1+1

so by the triangle inequality and the bound of Step 2,

1

_ 2 W(P,, P,_.).

n s=t1+1

|Ltz(X) - Ly, (X)| <

Step 4: Taking the supremum over x € A,. The right-hand side above is independent of x,

hence
|2
sup | Ly, (x) — Ly, (x)| < Z W(P;, Ps_1),
x€An Mmin s=t;+1
which is precisely the desired inequality. ]

2(1-vg)

Throughout this section recall the block length Az = T™ 5~ used by expert g and the gradient

bound G = Myax/Mmin. We partition the horizon into J := |—T/ ATA consecutive blocks 77,...,7;

with J < T/Ag, for all sufficiently large T.
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PER-BLOCK CONCENTRATION. To control regret simultaneously on every block we invoke Lemma C.3

inside each block at confidence level

At

T 1
5 = 9 — 5 < —
bl = 7 J Obik A

L
T2 T

<

~| =

A union bound therefore preserves an (1 — %) overall success probability.

Lemma C.1 (High-Probability EG Regret on a Block). Fix any block 7; of length A,. Run expo-

g Inn
N = Ao =2
T 2 A, G?

and call the iterates f(? (t € 7;). With probability at least 1 — Sy,

T2
Z[Lt(ﬁ?) —minLt(x)] < 4G, [2 A7, log-—— + 2G,[2 A7, logn.
e x€N, ATg
J

Proof. Apply Lemma C.3 with horizon T «— Az, and confidence § < dpik; note that log(T?/ ATg) <

nentiated gradient with the step size

2logT. m]

Lemma C.2 (High-Probability Regret for Expert g). Let the environment’s total Wasserstein vari-
ation satisfy TV(Pyr) < Br = TV for some v € [0,1], and assume vy > v+ > v. Then, with

probability at least 1 — %, the portfolios {f(f}tT:l generated with step size 17? satisfy

i[@(ﬁ?)—@(xn] <1

=1 min

+ Coylog T + Cyylog n],

where Cy = 8G and C; = 22 G.

2(1-vg)

Proof. Partition the horizon into J = |—T/ ATg] blocks 71, ..., 7y of length Ar, = T~ 5 . Decompose
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the regret against the dynamic oracle x} := arg minyea, L¢(x):

J J
Z[Lt(xt) - Lt(xt = Z (Z Li(x)) - mln ZLt(x)) + Z (mxinZLt(x) - ZLt(x’;)) .

Jj=1 te7; Jj=1 teT; teT;

(opt;) (tracking;)

Step 1: optimisation term.

By Lemma C.1 and the union bound, with overall probability at least 1 — %:

3T 1) - mintu] < [0 JEar 21egT + 26 2y g

J=1 teT;

Because J < T/ATg,

T 2+v
(opt) = . 4G, 247, [\/2 log T + y/log n] < 5 [SG\/log T +24/2logn G]
Tg
Step 2: tracking term. By Lemma 4.1, |L;(x) — Ly—1(x)| < W (Py, P;—1). Within any block,

A
miny X eq: Le(x) = Zier; Li(x}) < rzn—":i W(P, Pr;-1). Summing over blocks:

J 2A1 2A7
(track) := Z(trackingj) < LTV (Pr) < L1
=1 min Mmin
2( —g) 2+Vg
Because v < v, AT TV T TV =T73

Step 3: combine. With probability at least 1 — 2,

[Lt(f(?) — Li(xf)] < (opt) + (track) < T2+3vg [

t=1 Mmin

M=

+8G+/log T +2 ZlognG],

which is the claimed bound. O

Lemma C.3 (High-Probability Bound for Exponentiated Gradient). Let {Lt}tT=1 be a sequence of
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convex, differentiable loss functions on the n-simplex A, C R". Assume that for eacht, the gradient is
uniformly bounded: ||VL;(x)|l < G for all x € A,. Consider the exponentiated-gradient algorithm

with updates
x:(i) exp(—n Vi(i))
?:1 xt(J) exp(=nV:())) ’

xp41(i) =

fori=1,...,n, where V(i) denotes the i-th component of VL;(x;), and choose

3 Inn
"= Na2rer
Then for any § > 0, with probability at least 1 — 6, the sequence of decisions {x;} produced by the

above updates satisfies

T
Z[Lt(xt) - Lt(x*)] < 4G1/2Tln% + 2GV2T Inn,

=1
where x* € A, is the offline optimal decision that minimizes Zthl Li(x)).

Proof. By convexity of L;, for any x* € A, we have
Li(x) = Le(x*) < (VL(xr), xe — x7) .

Now let f;(x) be the random (or instantaneous) loss incurred at time ¢ (so that L;(x) = E[f;(x)]
is the expected loss), and let G;(x;) := Vf;(x;) be the observed stochastic gradient at x;. Define

the martingale difference & := VL;(x;) — G;(x;), which satisfies E[&; | #;—1] = 0 by definition of
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L;. Using G;(x;) to rewrite the above, we obtain

Li(x) — Ly (x™)

N

(VL (x;), x; — x7)

(Gy(xy) + & xp — x¥) (B1)

(Gi(x), xp = x") + (&, x; —x7) .

() Z

We will bound the sum of terms () (the “optimization error” due to the algorithm’s updates)
and the sum of Z; (the martingale noise term) separately. First, we control the optimization
error via a standard analysis of the exponentiated gradient method with the negative entropy

regularizer. In particular, one can show that for any comparator x* € A,, the following inequality

holds for all T > 1:

T
D UIVEG)I, (B2)

t=1

T

£ 1 *
E (Ge(xy), xp —x7) < EDKL(x Il x1) +
t=1

NS

where Dgp,(x*||x1) = X, x*(i) lnilgg is the Kullback-Leibler divergence between x* and the
initial decision x;. *(This inequality can be derived using the Bregman divergence associated
with the entropic regularizer; for completeness, a proof is provided at the end of this lemma.)*
Given that x; can be chosen as the uniform distribution on [n], we have Dgy (x*||x1) < Inn.
Also, by the gradient bound assumption, ||V f;(x;)||c < G (since each realized gradient is bounded
by the same G). Thus (B2) implies
4 Inn n

Z(Gt(xt), x—x) < — + EGZT.
]

t=1
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I Inn .
Now plugging in 5 = TG Ve obtain

T
1 q
D UGix), 3= x") < ﬂ+gG2T = GV2Tlnn + TG\/Tlnn < 2GV2T Inn.
4 n 22
t=1

In other words, the “deterministic” regret due to the exponentiated-gradient updates is bounded
by 2G V2T Inn.

Next, we bound the stochastic term Z; = (&, x; — x™). Since {&} is a martingale difference
sequence (with respect to the filtration %;_; that contains all information up to time ¢ — 1), we
can apply a concentration inequality to Zthl Z;. In particular, note that each Z; is bounded in
absolute value: because x; and x* are probability vectors that differ in at most 2 units in #;-norm,

and [[&;[leo < [IVLe(x2)[loo + [|Gi (1) lleo < 2G, we have
1Zi] = 1 x = x| < Nlleo lxe =7l < 2G-2 = 4G.

Moreover, E[Z; | F1-1] = (B[& | Fi-1], x¢ —x*) = 0, s0 Z1, Z, ..., Zr are martingale differences
with |Z;| < 4G. We can therefore invoke the Azuma-Hoeffding inequality (or alternatively, the

Freedman inequality for martingales) to conclude that for any § > 0, with probability at least

T T
. / 1
ZZt = ;(é,xt—x) < 4G ZTIHS

t=1

1-4,

(This follows since P{Zthl Z; > 4G+/2T In(1/6)} < & for bounded martingale differences Z; by
Hoeffding’s inequality.)

Finally, combining the two parts and using the decomposition (B1), we obtain that with prob-
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ability at least 1 — §:

T

T T
Z [Lt(xt) - Lt(x*)] < Z(Gt(xt)a X —x") + Z(szt, xr—x) .
t=1 t=1

t=1

<2GV2TInn <4G+/2T In(1/6)

For the chosen 5, the first sum is bounded by 2GV2T Inn, and the second sum is bounded by

4G+/2T In(1/8). So we have

T

Z[Lt(xt)—Lt(x*)] < 4G,/2T1n% + 2GV2T Inn.

t=1

This is exactly the desired high-probability regret bound. O
Lemma C.4 (Deviation of Realized from Expected Loss). Assume the asset returns are bounded
(Assumption (i)), i.e. there exist known constants Mpyi, > 0 and Mmpax > 0 such that for allt € [T]
andi € [n],

Mmin S rt(i) < Mmax-

Let C := In"™=_ For any predictable portfolio sequence {x;}|_, C A, (where A, = {x € [0,1]" :

min

2imix(i) =1}) and any § € (0,1), one has

Pr(‘ztll[ﬁ(xt)—Lt(xt)” > C3,/2Tlog%) <5,

Consequently, with probability 1 — %,

T
DA = Lix)] < G5 /2T log(T) . (B3)
t=1
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Proof. For any fixed portfolio x € A,, define the random variable

Ai(x) = fi(x) —E[fi(x) | Fia] = fi(x) = Li(x) .

Since x is ;_1-measurable, A;(x) is a martingale difference sequence with respect to the filtration

{F:}. Moreover, by the boundedness of returns (Assumption (i)), we have
Mpmin < X 7 < Mpax for each round ¢,
so the one-period loss f;(x) = —In(x - r;) is bounded as

_ln(mmax) < ﬁ‘(x) < _ln(mmin)-

Therefore |A;(x)| = |fi(x) — Li(x)] < ln% = C3 almost surely. Applying the Azuma-Hoeffding

m

inequality, we obtain for any § € (0, 1):

T
Pr(ZAt(xt) > c3,/2Tlog§) < 6,
t=1

and by symmetry the same bound holds for the negative deviation. This proves the high-probability

bound on | Zthl [ fi(x:) — Li(x;)]]. Setting § = 1/T yields in particular

T
1
P'(‘Z[ft(xt) - Li(x)]| > G3/2T log(T)) < T
t=1
so with probability at least 1 — % we have the inequality (B3). m]

Lemma C.5 (High—probability bound on empirical regret (Portfolio Selection)). Suppose:

« The asset returns are bounded: Muyin < (i) < Mmax forallt € [T], i € [n] (Assumption (i)).
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« The one-period loss (negative log-return) is

filx) = _ln(x : rt) , x €A,

where x - ry = 3,1, x(i) r (i) is the portfolio’s gross return at time t.

T

,_ is generated by online gradient descent (OGD), with step-size

« The portfolio sequence {%)

tuned to a guessed variation budget vy > v.

Define

mmax mmax m max

C3 :=1In s C() =38 s Cl = 2\/5

Mmin Mmin Mmin

Then with probability at least 1 — %,

ZT: [f’-‘(’etg) - ft(x?)] < T3

t=1

"~ + (CoIogT + €1 VIogn )

min

+ 2C3+/2T log(T) .

Proof. Write the total regret (random cumulative loss difference) as

T T

DUAGED - D] = D [LeE&) - Lxn)] +

t=1 t=1 L

T

[AGD = LGD] + ) [Le) - i),

t=1

M=

l
—

OGD term martingale noise

where L;(x) = E[fi(x) | F-1] is the conditional expected loss at time t.
By Lemma C.2, the OGD term (the regret with respect to the sequence of instantaneous min-

imizers x; := arg minyea, L¢(x)) is bounded by

2+

: + (CovlogT + Clx/logn)],

Mmin

with probability at least 1 — 7.

For the two “noise” sums, note that for any fixed portfolio x € A, the sequence A;(x) = f;(x)—
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L;(x) is a mean-zero martingale difference with |A;(x)| < Cs; almost surely (by the bounded-
return assumption). By Azuma-Hoeffding’s inequality (relying only on Assumption (i)), each of
the sums Y./, [f(£7) —L;(%7)] and 3T, [L; (x}) - fi (x)] exceeds Cs /2T log(2T) with probability

at most 1/T. Hence, both martingale noise terms together are bounded by

2 C3 /2T log(T)

with probability at least 1 — %

Finally, by a union bound over the three high-probability events, we conclude that all parts
(the OGD term and both noise terms) satisfy their bounds simultaneously with probability at
least 1 — % Adding the OGD and noise contributions yields the stated high-probability regret

bound. m|
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